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Liu Estimator Based on An M Estimator

AABBSS  TTRRAACCTT  OObbjjeeccttiivvee::  In multiple linear  regression analysis, multicollinearity and outliers are two
main problems. In the presence of multicollinearity, biased estimation methods like ridge regres-
sion, Stein estimator, principal component regression and Liu estimator are used. On the other hand,
when outliers exist in the data, the use of robust estimators reducing the effect of outliers is prefered.
MMaatteerriiaall  aanndd  MMeetthhooddss::  In this study, to cope with  this combined problem of multicollinearity and
outliers, it is studied Liu estimator based on M estimator (Liu M estimator). In addition, mean square
error (MSE) criterion has been used to compare Liu M estimator with Liu estimator based on ordi-
nary least squares (OLS) estimator. RReessuullttss::  OLS, Huber M, Liu and Liu M estimates and MSEs of
these estimates have been calculated for a data set which has been taken form a study of determinants
of physical fitness. Liu M estimator has given the best performance in the data set. It is found as both             

= 0.0078<                   = 0.0508 and                    =  0.0078<                  = 0.0085. CCoonncclluussiioonn::
When there is both outliers and multicollinearity in a dataset, while using of robust estimators re-
duces the effect of outliers, it could not solve problem of multicollinearity. On the other hand, using
of biased methods could solve the problem of multicollinearity, but there is still the effect of outliers
on the estimates. In the occurence of both multicollinearity and outliers in a dataset,  it has been
shown that combining of the methods designed to deal with this problems is better than using them
individually.

KKeeyy  WWoorrddss::  Multicollinearity, outlier, Liu estimator, M regression

ÖÖZZEETT  AAmmaaçç:: Çoklu doğrusal regresyon analizinde, çoklu doğrusal bağıntı ve aykırıdeğerler iki
temel problemi oluşturur. Çoklu doğrusal bağıntı varlığında, ridge regresyon, Stein tahmin edicisi,
temel bileşenler regresyonu ve Liu tahmin edicisi gibi yanlı tahmin metotları kullanılır. Diğer
taraftan, veri setinde aykırıdeğerler var olduğunda, aykırıdeğerlerin etkisini azaltan sağlam tahmin
edicilerin kullanımı tercih edilir. GGeerreeçç  vvee  YYöönntteemmlleerr:: Bu çalışmada, çoklu doğrusal bağıntı ve
aykırıdeğerlere ilişkin birleşik problemle başedebilmek için M tahmin edicilerine dayalı Liu tahmin
edicileri (Liu M tahmin edicileri) ele alınmıştır. Ayrıca, Liu M tahminlerini en küçük kareler (EKK)
tahminlerine dayalı Liu tahminleriyle  karşılaştırmak için hata kareler ortalaması (HKO) kriteri
kullanılmıştır. BBuullgguullaarr:: Fiziksel yeterliliğin bileşenlerini belirlemeye yönelik bir çalışmadan alınan
veri seti için EKK, Huber M, Liu ve Liu M tahminleri ve bu tahminlere ilişkin HKO değerleri
hesaplanmıştır. Ele alınan veri seti için    Liu    M    tahminleri    beklentiler    doğrultusunda    en
iyi    performansı   göstermiştir. Diğer bir deyişle,                    = 0.0078<                  = 0.0508 ve                    

= 0.0078<                 = 0.0085 elde edilmiştir. SSoonnuuçç:: Bir veri setinde aykırıdeğer olması
durumunda sağlam tahmin edicilerinin kullanılması aykırıdeğerlerin etkisini azaltmasına karşın
çoklu doğrusal bağıntı problemine çözüm getirememektedir. Diğer taraftan, yanlı tahmin
tekniklerinin kullanılması da çoklu doğrusal bağıntı problemine çözüm getirebilmekte ancak
aykırıdeğerlerin etkisi hala sürmektedir.  Eğer veri setinde aykırıdeğer ve çoklu doğrusal bağıntı aynı
anda varsa, bu problemlerle ayrı ayrı uğraşmak yerine problemler için geliştirilen yöntemleri
birleştirerek  kullanmanın daha faydalı olacağı bir örnek üzerinde gösterilmiştir.

AAnnaahh  ttaarr  KKee  llii  mmee  lleerr:: Çoklu doğrusal bağıntı, aykırıdeğer, Liu  tahmin edicisi,  M regresyon
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Con si der the li ne ar mo del

(1.1)

whe re yy is a vec tor of n res pon se va lu es, XX is an n x p
mat rix of rank p, ββ is a vec tor such that                , and           

All va ri ab les in this mo del are cor rec -
ted for the ir me ans and sca led to unit length, so
that X'X is in cor re la ti on form.

The or di nary le ast squ a res es ti ma tor (OLS) of
ββ is ob ta i ned as fol lows:

If the co lumns of XX are mul ti col li ne ar, then
the OLS es ti ma tor of ββ is an un re li ab le es ti ma tor
du e to the lar ge va ri an ces as so ci a ted with its ele -
ments. 

To co pe with the di sad van ta ges of the OLS es-
ti ma tor in the oc cur ren ce of mul ti col li ne a rity,
many es ti ma ti on met hods ha ve be en of fe red. One
of the most po pu lar met hods is rid ge reg res si on
pro po sed by Ho erl and Ken nard as

whe re         is the OLS es ti ma tor and k is the bi a -
sing pa ra me ter.1,2

To over co me the mul ti col li ne a rity, Li u com-
bi ned the Ste in es ti ma tor with rid ge es ti ma tor and
pro po sed a new bi a sed es ti ma tor as 

whe re d is the bi a sing pa ra me ter.3

The ad van ta ge of                                        is a
li ne ar func ti on of d. So the se lec ti on of d is simp ler
than the se lec ti on of k. 4

For de ter mi ning bi a sing pa ra me ter d, Li u ga ve
the es ti ma tor of d by mi ni mi zing the me an squ a re
er ror of Li u es ti ma tor as 

whe re                                  are the or di nary le ast
squ a res es ti ma tes of αα and σσ22 and Q is the mat rix of
ei gen vec tors cor res pon ding to the ei gen va lu es of

X'X.3,5 In ad di ti on, many met hods for ap prop ri a te
d va lu e in the li te ra tu re ha ve be en stu di ed by Ars -
lan and Bil lor; Li u; Ak de niz and Oz turk; Oz ka le
and Ka cı ran lar.4,6-9

Sin ce the Li u es ti ma tor      is ob ta i ned by shrin -
king the OLS es ti ma tor        using the mat rix

the oc cur ren ce of out li ers in
the y di rec ti on may af fect .6 When out li ers exist
in the da ta, the use of ro bust es ti ma tors re du cing
the ef fect of out li ers is pre fe red. The most po pu lar
of all ro bust es ti ma ti on tech ni qu es is M es ti ma ti on
pro po sed by Hu ber.10 The M es ti ma tor mi ni mi zes
the fol lo wing ob jec ti ve func ti on 

Dif fe ren ti a ting the ob jec ti ve func ti on with re-
s pect to the co ef fi ci ents ββ, defining            and set-
ting the par ti al de ri va tes to 0, the system of
equ a ti ons can be writ ten

whe re s is a ro bust es ti ma te of sca le.11 M es ti ma tors
are ro bust to the out li ers in y di rec ti on.10

In this study, to hand le with com bi ned prob-
lem of mul ti col li ne a rity and out li ers, it has be en
exa mi ned Li u M es ti ma tor in a da ta set. The Li u M
es ti ma tes ha ve be en com pa red with Li u es ti ma tes
in terms of MSE.  

MATERIAL AND METHODS
LI U M ES TI MA TOR 

The reg res si on mo del gi ven in Eq(1.1) can be rew -
rit ten in the ca no ni cal form as

whe re Z=XQ, αα=Q'ββ andQ is the ort ho go nal mat-
rix with co lumns that cons ti tu te the ei gen vec tors
of X'X. Then                                                  
whe re                              are  the or de red  ei gen va -
lu es of X'X.  For mo del in  Eq(1.1),  the  OLS  es-
ti ma tor                             and   the  Li u  es ti ma tor 

. No te that any es ti ma-
tor                has a cor res pon ding es ti ma tor
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such that                                 ; hen ce it is suf fi ci -
ent con si der only the ca no ni cal form.

As men ti o ned be fo re, sin ce the OLS is used in
Li u es ti ma tor, the pre sen ce of out li ers in y di rec ti -
on may af fect       Then, the Li u M es ti ma tor of αα
be co mes

(2.1)

whe re        is the va lu e ob ta i ned by the M es ti ma -
tor. This es ti ma tor is re sis tant to the com bi ned
prob lem of mul ti col li ne a rity and out li ers in the y
di rec ti on. 

For ro bust cho i ce of d in Eq.(2.1) is gi ven the
fol lo wing for mu la by Ars lan and Bil lor.6

This equ a ti on can be ge ne ra li zed to 

In prac ti ce, if d is bet we en 0 and 1, then the re
is no prob lem is the use of        ; ot her wi se, it is sug-
ges ted to use the ge ne ra li zed for mu la for d i.e. 

in abo ve for mu las is gi ven as

ME AN SQU A RE ER ROR OF ES TI MA TORS

In this study, Li u, Li u M and M es ti ma tors will be
com pa red in terms of MSE cri te ri on, which is the
me a su re of the clo se ness of the es ti ma te to the pa-
ra me ter.

The MSE of the Li u es ti ma tor is gi ven as  

whe re λi is the ei gen va lu es of X'X. Li u sho wed that
the MSE of this es ti ma tor is less than that of the

OLS es ti ma tor at d va lu es (0<d<1) for all va lu es of
ββ and σσ22.3

MSE for Li u M es ti ma tor is gi ven as

whe re                         Ars lan and Bil lor pro vi ded that
the re exists 0<d<1 such that                   
and un der fol lo wing con di ti ons

ψψ is skew-symmet ric and non dec re a sing,

the er rors are symmet ric,

is fi ni te.

DA TA SET

To com pa re the per for man ce of the Li u M es ti ma -
tor with the ot her es ti ma tors in the pre sen ce of
out li ers in the y di rec ti on and mul ti col li ne a rity, it
has be en used VO2 da ta set which has be en ta ken
from a study of de ter mi nants of physi cal fit ness.
The da ta set inc lu des in for ma ti on of 233 sub jects
for 13 va ri ab les. In this study, to tally 7 va ri ab les ha -
ve be en ta ken as a de pen dent va ri ab le and 6 in de -
pen dent va ri ab les by ta king ac co unt of the ca ses of
mul ti col li ne a rity and out li ers. The de pen dent va ri -
ab le is me a su red ma xi mal oxy gen up ta ke on the
tre ad mill test (ml/kg/min), a body we ight ad jus ted
me a su re of the ma xi mum amo unt of oxy gen con su -
med in exer ci se. It is usu ally me a su red using a tre -
ad mill test pro to col. The in de pen dent va ri ab les
used are age (ye ars), ma xi mal he art ra te(be at/min),
du ra ti on of tre ad mill test(se conds), ma xi mum sys-
to lic blo od pres su re on the tre ad mill test (mmHg),
ma xi mum di as to lic blo od pres su re on the tre ad mill
test (mmHg), func ti o nal ae ro bic im pa ir ment (per-
cent re la ti ve to age and sex norm). The da ta are
ava i lab le on the web si te (http://pe op le.umass.edu/
be640/yr2004/re so ur ces/da ta2002/in dex.html). For
the analy sis of the da ta has be en used R ver si on
2.6.2 prog ram.

RESULTS
For this da ta, it is fo und that con di ti on num ber is
mo de ra tely lar ge (106.0022). The fact that the con-
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di ti on num ber is lar ge in di ca tes that prob lem of
mul ti col li ne a rity exists. Thus, usa ge of bi a sed es ti-
ma ti on met hods ins te ad of the OLS is pre fer red.
In this study, to com pa re OLS es ti ma tes with bi a -
sed es ti ma ti on met hods, Li u es ti ma tor from bi a sed
es ti ma ti on met hods is cal cu la ted and gi ven in Tab -
le 1.

Com pa ri son of MSE va lu es of the OLS and Li -
u es ti ma tes shows that the ef fect of mul ti col li ne a -
rity dec re a ses. Mo re o ver,  a  com pa ri son  of
with          in di ca tes that the re is a re mar kab le chan -
ge in the es ti ma tes of the reg res si on co ef fi ci ents,
sin ce the Li u es ti ma te pro du ces a vec tor of reg res -
si on co ef fi ci ents with a smal ler norm than do es the
es ti ma te .

Whe re as use of Li u es ti ma tor dec re a ses mul ti -
col li ne a rity prob lem, the ef fect of out li ers on Li u
es ti ma tes is still pre sent if the re are out li ers in the
da ta set. Thus, it is ne ces sary to exa mi ne whet her
an out li er oc curs in the da ta set. For this aim, Fi g-
u re 1 has be en drawn.

Ac cor ding to Fi gu re 1, whe re as the re are se v-
e ral out li ers (5, 31, 33, 62, 67, 168, 169, 173 and
192. ob ser va ti ons) in y di rec ti on, the re is no out li -
er in x di rec ti on. 

When the out li ers in y di rec ti on exist, usa ge
of Li u M es ti ma tor will be mo re re li ab le. As men-
ti o ned be fo re, Hu ber type M es ti ma tors are re sis -
tant in the pre sen ce of out li ers in y di rec ti on. For
the da ta set, es ti ma tes of Hu ber M, sca le es ti ma te

and MSE of the es ti ma tes ha ve be en cal cu la ted and
gi ven be low: 

Du e to oc cur ren ce both the mul ti col li ne a rity
and out li ers in y di rec ti on in the da ta set, the use of
Li u M es ti ma tor is pre fer red. For this re a son, firstly
cal cu la ted M reg res si on co ef fi ci ents are used to find
the bi a sing pa ra me ter d. Then, Li u M es ti ma tes are
ob ta i ned by using in Eq.(2.1) the cal cu la ted bi a sing
pa ra me ter and M es ti ma tes. Li u M es ti ma tes ha ve
be en gi ven in Tab le 2. Mo re o ver, Li u es ti ma tes ha -
ve be en al so shown in the sa me tab le to com pa re
the re sults. 

If it is exa mi ned MSE va lu es of Li u and Li u M
in Tab le 2, it can be se en the slight dif fe ren ce in fa -
vor of Li u M. Mo re o ver, re duc ti on in mul ti col li ne -
a rity of Li u es ti ma tor is not sa me mag ni tu de with

OLS Liu

-0.5456 -0.5262

-0.1625 -0.1674

0.0684 0.0712

0.2148 0.2087

0.3472 0.3353

0.2646 0.2597

0.0513 0.0085

0.5655 0.5334

= 0.0145 d=0.9551

TABLE 1: OLS, Liu estimates, norms and MSE values
of the estimates.
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FIGURE 1: Robust residuals versus distances for VO2 data set.
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that of Li u M es ti ma tor, be ca u se the es ti ma te of bi-
a sing pa ra me ter of Li u is clo ser to 1.

CONCLUSION AND DISCUSSION
From com pa ri sons of                                       es ti -
ma tes, and MSEs of the se es ti ma tes the fol lo wing
conc lu si ons can be drawn.

When the OLS and M es ti ma tes are com pa red,
it is sho wed that the out li ers in the y di rec ti on ha -
ve a slight ef fect on the es ti ma tes of the pa ra me -
ters. The fact that the MSE of Hu ber M es ti ma tes is
less than that of OLS is an in di ca tor that the ef fect
of out li ers dec re a ses. On the ot her hand, the mul-
ti col li ne a rity prob lem can not be sol ved alo ne with
the use of Hu ber M es ti ma tes.

Com pa ri son of MSE va lu es of the OLS and Li u
es ti ma tes shows that the ef fect of mul ti col li ne a rity
dec re a ses with the use of Li u es ti ma tes. But, the ef-
fect of out li ers on Li u es ti ma tes is still pre sent.

If MSE va lu es of Li u and Li u M es ti ma tes com-
pa re with MSE va lu es of OLS and Hu ber M es ti -
ma tes, it can be sa id that the ef fect of
mul ti col li ne a rity in both Li u and Li u M es ti ma tes
dec re a ses. Ho we ver, Li u es ti ma tor is still af fec ted
by the out li ers whi le the Li u M es ti ma tor im pro -
ves the es ti ma tes of the pa ra me ters by re du cing the
ef fect of out li ers.

When it is con si de red M and Li u M es ti ma tor,
one can se e slight dif fe ren ces in the se es ti ma tes.
The re is al so si mi lar si tu a ti on for OLS and Li u es ti -
ma tor. That’s why is that d va lu es used to com pu -
te Li u and Li u M es ti ma tes is clo se to 1. For d=1, 

and

The re sults of MSE of all the es ti ma tors ha ve
sa tis fi ed our ex pec ta ti on as men ti o ned be fo re. In
ot her  words,  it  is  fo und  as  both 

As a conc lu si on, it has be en shown on a nu-
me ri cal examp le that bi a sed es ti ma ti on met hods
ba sed on ro bust es ti ma tes sho uld be used in the
pre sen ce of out li ers in y di rec ti on and mul ti col li -
ne a rity in a da ta set. If the re are out li ers in x di rec -
ti on or both in x and y di rec ti on in a da ta set, it is
sug ges ted to use dif fe rent ro bust met hods. 

LIU ESTIMATOR BASED ON AN M ESTIMATOR Özlem ALPU et al

Turkiye Klinikleri J Biostat 2010;2(2) 53

Liu Liu M

-0.5262 -0.5151

-0.1674 -0.1603

0.0712 0.0869

0.2087 0.1944

0.3353 0.3068

0.2597 0.2768

0.0085 0.0078

d 0.9551 0.9414

TABLE 2: Liu and Liu M estimates and MSE values.
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