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A Test Procedure for Ordered Hypothesis of
Population Proportions Against a Control

Bir Kontrole Kars1 Anakiitle Oranlarinin
Sirali Hipotezi Icin Bir Test Prosediirii

ABSTRACT Objective: This paper aims to present a novel procedure for testing a set of population proportions
against an ordered alternative with a control. Material and Methods: The distribution of the test statistic for the
proposed test was determined theoretically and through Monte-Carlo experiments. The efficiency of the pro-
posed test method was compared with the classical Chi-square test of homogeneity of population proportions
using their empirical Type I error rates and powers at various sample sizes. Results: The new test statistic that
was developed for testing a set of population proportions against an ordered alternative with a control was
found to have a Chi-square distribution with non-integer values degrees of freedom v that depend on the num-
ber of population groups k being compared. Table of values of v for comparing up to 26 population groups was
constructed while an expression was developed to determine V for cases where k > 26. Further results showed
that the new test method is capable of detecting the superiority of a treatment, for instance a new drug type,
over some of the existing ones in situations where only the qualitative data on users’ preferences of all the avail-
able treatments (drug types) are available. The new test method was found to be relatively more powerful and
consistent at estimating the nominal Type I error rates (x), especially at smaller sample sizes than the classical
Chi-square test of homogeneity of population proportions. Conclusion: The new test method proposed here
could find applications in pharmacology where a newly developed drug might be expected to be more preferred
by users than some of the existing ones. This kind of test problem can equally exist in medicine, engineering
and humanities in situations where only the qualitative data on users’ preferences of a set of treatments or sys-
tems are available.

Key Words: Ordered hypothesis, test of population proportions;
Chi-square test of homogeneity of population proportions; Gaussian density;
Chi-square distribution; non-inter values degrees of freedom

OZET Amag: Bu calismanin amaci bir kontrolle sirali bir alternatife kargilik anakiitle oranlarinin bir kiimesinin
test edilmesi icin yeni bir yéntem sunmaktir. Gereg ve Yontemler: Onerilen test igin test istatistiginin dagilim1
Monte-Carlo deneyleriyle ve teorik olarak belirlenmistir. Onerilen test yonteminin etkinligi, farkli 6rneklem
bityiikliiklerinde gii¢ ve deneysel Tip I hatalari kullanilarak anakiitle oranlarinin homojenligi i¢in klasik ki-kare
testi ile kargilastirilmigtir. Bulgular: Bir kontrolle sirali bir alternatife karsilik anakiitle oranlarimin bir
kiimesinin test edilmesi igin gelistirilen yeni test istatistiginin, kargilagtirilan anakiitle grup sayis: K'ya bagh tam
say1 deger olmayan V serbestlik dereceli ki-kare dagilimina sahip oldugu bulunmusgtur. Birimlerin k > 26 oldugu
durumda V'yii belirlemek icin bir ifade gelistirilmigken anakiitle grubu 26’ya kadar olanlar: karsilagtirmak igin v
degerleri tablosu gelistirilmistir. Ayrica sonuglar, yeni test yénteminin 6rnegin, yeni bir ilacin var olan bir ilaca
gore var olan tiim tedavilerin (ilag tiplerinin) kullamic: tercihlerinin sadece kalitatif verisinin mevcut oldugu
durumlarda iistiin oldugu gibi bir tedavinin tstiinliigiinii tespit edebildigini gostermistir. Yeni test yonteminin,
ozellikle kiiciik 6rneklem biyiikliiklerinde nominal Tip I hata oranlarimi («) tahmin etmede anakiitle
oranlarinin homojenligi i¢in klasik ki-kare testinden daha giiglii ve tutarli oldugu bulunmugtur. Sonug: Bu
makalede sunulan yeni test yéntemi kullanicilar tarafindan yeni gelistirilen bir ilacin var olan bazi ilaglara gore
daha fazla tercih edildigi farmakolojide uygulama alami bulabilir. Bu tiir test problemi, bir tedavi ya da sistem
kiimesinde sadece kullanici tercihlerine dayali kalitatif verinin mevcut oldugu tipta, miihendislikte, beseri
bilimlerde ayni sekilde ortaya ¢ikabilir.

Anahtar Kelimeler: Sirali hipotezler; anakiitle oranlarinin testi;

anakiitle oranlarinin homojenligi igin ki-kare testi; Gauss yogunlugu;
ki-kare dagilimi; tam say1 olmayan degerler serbestlik derecesi
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he study of test of hypothesis involving or-
dered alternatives started by the earlier
works of Jonckheere and Bartholomew
which was later revisited about a decade
later by R. E. Barlow and in his team in their work
in 1971.13 However, the significance of this study
area further gave it prominence in the last few
years. The classical case of the test hypothesis prob-

lems often addressed takes the form of
against Hy: puy < pp < <

)

for a k comparison of population means where
the k populations are in no particular order of

Ho:py = pp =+ = piye

preference.*”

Here, the underlying distribution of the ran-
dom variable X;,i = 1,2, ...,k that governed the
test procedure for hypothesis (1) was assumed to
have a Gaussian distribution with mean y; and
(possibly) constant variance o*for all the k popu-
lations.

In a more controlled study, the situation that
requires a comparison of all the k — 1 populations
with the k" population being the control might be
desirable. Such situations are quite common in
Pharmacological studies (in drug discovery) where it
is often of interest to determine the efficacy of a new
drug relative to some of the existing ones. For in-
stance, suppose the superiority of a new analgesic
drug type dj over some of the existing ones d;,
i=12,..,k—1,is to be determined by the num-
ber of minutes it takes the users to get relieved of
pain after its intake. The hypothesis of interest under
this scenario would be of the form:

)

The procedures to handle the ordered hy-
pothesis set in (2) have been provided elsewhere

Hotpy =t i = 1,2,k — 1 AQZAINST Hyipe < pvi, i = 1,2,k — 1

when the underlying random variables X; (the
number of minutes it takes users to get relieved
of pain after the intake of drug type d;, i =
1,2,...,k) are from Gaussian densities as earlier
remarked.??

The test hypothesis problem (2) is also suita-
ble to establish, for example, the superiority of a
new antiretroviral drug over some of the existing
ones in terms of its relative contribution at en-

hancing the CD4 counts in HIV patients over a
period of time. Here, the new antiretroviral drug
would be treated as a control whose supremacy
over some of the existing drugs in terms of effica-
cy is to be determined.

Without loss of generality, it is obvious that
any test problem that requires either of the ordered
hypothesis set (1) and (2) pre-supposes that the
sample data, apart from emanating from Gaussian
populations, are also available and obtainable.

However, in many of the real life situations, the
required information on the sample data to prosecute
hypothesis (1) or (2) can only be imagined but diffi-
cult to obtain. For instance, it is quite easy to imagine
obtaining information on the number of minutes it
takes a set of patients to get relieved of pain after tak-
en a certain analgesic drug. Due to low literacy level
of some patients, especially in developing countries
like Nigeria, it might be difficult, if not impossible to
get this kind of information accurately from such
people. In a controlled study where this information
can be obtained accurately on the patients, another
challenge is that the observed sample measurements
might not truly satisfy the desired distributional as-
sumption of normality to guarantee efficient test re-
sults.

In the two examples illustrated above and gen-
erally in several other real life situations, the quick
and easy (qualitative) information that can be truly
obtained could be on whether a person get cured or
not after receiving a particular chemotherapy
treatment (or a drug type) or whether a particular
antiretroviral drug boosted the CD4 counts of an
HIV patient or not and so on. In other words, in-
formation on the number and proportion of people
that are positive to the use of a particular drug type
among those that were exposed could be readily
and easily obtainable.

Therefore, in a situation where it is only this
kind of information that is available to evaluate
the superiority of new therapy treatment or drug
over a number of existing ones, the test of hy-
pothesis involving population proportions with
ordered alternative set may be desirable. This
kind of test problem motivated the development
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of the test procedure presented in this work. A
test method to handle similar hypothesis problem
involving two population proportions has been
presented elsewhere.! The Bayesian approach of
non-Inferiority test between two independent
binomial population proportions has also been
developed by Yahya et al.!!

I DEVELOPMENT OF THE PROPOSED TEST
PROCEDURE

Suppose d4, d5, ..., di, in no particular order, is a set
of k chemotherapy treatments (treatment groups)
or drug types that are meant to cure a particular
disease with the c¢** drug, d, d. € {d,,d,, .., d,} being
the newly developed (best) drug while the remain-
ing k — 1 drugs, excluding d. are the existing drug
types or chemotherapy treatments. For conven-
ience, let d, = d. be the control drug type (control
group), ¢ € {1,2, ..., k}.

Also, let X,,X,,..,X, be the number of people
that are positive to the use of drug types or treat-
ments d,,d,,..,d, among the ny,n,,..,n, that were
treated by the drug types respectively. It then fol-
lows that X; is the number of people that are positive
to drug d; among the n; patients that are exposed to
it while g =i—i represents the corresponding propor-
tion. Thus, for i = 1,2, ...k we have that
D SR _ Xk
P1=",P2 o P =

nq ny’ ng

_ X A

Necessarily, each of the X;, i =1,2,..,k is
an independent binomial random variable with
parametersn; and p;. That is, X;~Bin (n;,p;).
The unbiased estimate of the population propor-

Xi

tion p; is p; = o
i

Since drug type d, is regarded as the control
(best) drug among all the k drug types, it is ex-
pected to be most efficacious and most preferred
among all the drug types. Hence, the proportion
of sample units that would be positive to drug d,
c€{1,2,..,k}, is expected to be higher than
those of the remaining k — 1 existing drugs. As a
result, the hypothesis of interest to be tested
would be of the form:

®3)

Ho:p; =p, QGAINStH,p <p, Vi, i=1,2,.,k—1

where p. is the proportion of the users of the
control drug type d,, c € {1,2, ..., k}. The unbiased
estimator of p, is p, = %

The inequality statement in the ordered al-
ternative hypothesis set (3) can be reconstructed
in two ways as presented below.

CASE |

In the ordered hypothesis (3), the inequality
statement in the ordered alternative set H, is
pi<p. Vi, i=12..,k—-1.

- pi—pP. <0V, i=12.,k-1.

This yields the following k — 1 differences of
population proportions:

(4)

If we consider the representation 6; = p; —

P1=Pc<0,p2 =D <0 ,.,Pp1 =P <0

Dc > then all the proportion differences in (4) can
be represented by vector

§= {51v 62! e 61{—1} (5)

However, for ordered alternative set H, in (3)
to be sustained under the significance hypothesis
testing, the maximum of the proportion differences
in vector & must be less than zero. That is,

max(6;) <0 V,i=12,..,k—1 (6)
and if this is defined over the §; 5§ we have
maxi<i<k-1 61' < O,Vl-,i = 1,2, ,k -1 (7)

Hence, the hypothesis set (3) can be re-
parameterized as follows:

Ho:8; = 0 QGAINStH,: max,ciex1 6 <0 ¥y, i=1,2,.,k—1 (8)
The unbiased estimator of vector § in (5) is

8 =1{61,85 ., 6,1} )

where

8 =pi—Pc (10)

and p; = % However, &; can be reasonably as-
sumed to have a Gaussian density with mean
6; =p; —p, and variance Var(gl-). That is,
5;~N(8;,Var(8,)). Both the E(§;) and Var(§;)
are determined as follows;
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E(8;) = E(p; — Pc)

- E(5)=E [:——fT]

1 1
= 7TL_E(XL') _n_CE(XC)

= 1Tl 1Tl
- n iPi ne cPc

-~ E(8)=pi—pc (11)
Also,
Var(di) = Var(p; —p.)
N Var(&) =Var(®;) + Var(p.)
Xi Xc
=Var (n_l) + Var (7:)
1 1
= n—iZVar(Xi) + n—gVar(XC)
_ nipi(l-pi) | ncpc(1-pc)
- n? n?2
&\ _ pil-p) , pc(1-pc)
- Var(@i) = o + e (12)

However, in the null hypothesis set Hy in (3),
pi = pc = p (say). Therefore, (12) becomes

S itne
Var(8) = (%22 p(1-p) (13)
where parameter p in (12) is estimated by
A Xi+Xc
- ni+ng (14)

Now, since Si~N(5i,Var(Si)), let statistic Z; be
defined as follows:
2 ==

l var(8;)

and when (5) is defined on vector (9) it yielded a
vector of Z; of the form

Vi,i=12.,k—1 (15)

Z = (21,22, ""Zk—l) (16)

Obviously, each of the VA ; in 7 has a unit Gaussian
density. That is,
R 5

4= var(8;)

Since each of the Z; in vector Z (i.e. Z; € Z)
has a unit Gaussian, it then follows that statistic

~NODV,;,i=12 .. k-1 (17)

Zmax = maxZ; € Z can be assumed to have a
unit Gaussian. Thus, the test statistic for testing
the ordered hypothesis set (8) is

1
Znax = max (%)E % ~N(0,1) (18)
If the weight w; is defined by

1
w; = (%) (19)
Therefore, the test statistic in (18) becomes
Zmax = max w; % ~N(0,1) (20)

Hence, for testing the ordered hypothesis
(8), the test statistic is given by (20).

However, it is important to remark that a
unit Gaussian density was only assumed for the
distribution of the test statistic Z,,q, as indicated
in (18) and (20). If the set of the k — 1 statistics
Z; in vector Z = (21,22, ---:Zk—l) of (16) are re-
garded as ordered statistics for which the statistic
Zmax is their maximum, i.e. Zq, = maxZ; € Z,
then, it may be necessary to determine the true
density function of Z,,, from the distribution of
ordered statistics.

Now, since Z; ~N(0,1)V;,i=1,2,..,k—
1, it then follows that the density function of
Zmax in vector Z is of the form;

2. (&) = (k= D[] £ ()

5 1 22 5 2
\ivheie f({) = 75z exp (7) CD(Z) = F({)A and
¢ € Z is the random variable defined on Z;, V;
since all the Z; are identically distributed.

(21)

If we let (k — 1)[@(5)]k_2 = 1, then, the pdf
in (21) reduces to

f2mae(©) =1f({) (22)

Therefore, for the density of Zp,4, in (22)
to be a unit Gaussian as earlier assumed, the
condition that n =1 is necessary. It then fol-
lows that the necessary condition for the nor-
mal approximation to hold as used in (18) and
(20) for the distribution of the test statistic
Zmax is that

(k- D[e@)] =1

However, the equality statement in (23) is
only true if and only if k = 2, a condition that is

(23)

only suitable for comparing two population pro-
portions.

Turkiye Klinikleri J Biostat 2016;8(1)

4



Waheed Babatunde YAHYA et al.

A TEST PROCEDURE FOR ORDERED HYPOTHESIS OF POPULATION PROPORTIONS AGAINST...

If the assumption of a unit Gaussian density
is sustained for the test statistic Z,,q, in (20), it
then follows that the statistic

5 2
sznax = (Zmax) NXE (24)
where v in (24) is the degree of freedom of the Chi-
Square distribution to be determined. Therefore,
fori =1,2,...,k — 1, the alternative test statistic
for testing the ordered hypothesis (8) is

~ X5 (25)

N2
2 June \ (_PizPc_
Xinax = 15 (ni+nc) <\/p(1—p)>
which, when the weight w; as defined in (19) is

substituted, becomes

Xhax = max w ~ X5 (26)

2 < Di— P )2
1<isk-1 © \J/p(1-p)
Obviously, if k =2, the statistic Zpq, in
(20) has a unit Gaussian density, and by exten-
sion the test statistic X2, in (26) is distributed
Chi-square with one degree of freedom (with
v =1). That is X2,,,~x?. For the cases where
k > 2 as conjectured in this work, the true dis-
tribution of Z,,,, cannot be perfectly approxi-
mated by a unit Gaussian. By extension, the dis-
tribution of the test statistic XZq,, although
coming from the Chi-square family of distribu-
tions with v degrees of freedom, cannot be said
to possess a Chi-square distribution with v =1
for all values of k > 2. Therefore, the true den-
sity of X2 4., more specifically the values of v at
various values of k > 2 has to be determined.
These results, as obtained from Monte-Carlo
studies are provided in a later section.

When the group sample sizes n; in (25) are
equal for all i, thatisn; =n, = -+ =n, =n, the
test statistic (18) and (25) become

1 ~ A~
Di-Dc

7 n\z
Znax = max (5 £225 ~NOD) @)
and
. \2
2 — n Di— Dc 2
Xmax =, 14X, (2) <,/p(1_p)'> Xv (28)
respectively.
CASE Il
Similarly, given the inequality statement

pi<pc Vi, i=12,..,k—1, it then follows

that p; <p;iffp,—p; >0 Vv;,i =1,2,...,k— 1.
This consequently yielded the following k —1
difference of proportions

pc_p1>0ﬂpc_p2>0i'"ﬂPc_Pk—1>0 (29)

If 8; = p. — p;, we have the vector repre-
sentation of (29) in the form

8* =1{681,65, .., 0p_1} (30)

Therefore, for ordered alternative set H, in (3) to
be sustained under the significance hypothesis testing,
the minimum of the proportion differences in vector
& must be greater than zero. That is,

MiNycicr_1 67 >0,V i =1,2, .. .k —1 31)

Hence, the hypothesis set (3) can be re-
parameterized as:

(32)

Similarly, the unbiased estimator of §; is
8 = p. —p; which shows that E(&}) = p. — p;
ni+ng

and Var(Sl-*) = (—) p(1 —p) as earlier de-

ning

Ho:6; = 0 AAINSt Hy: minygiep—1 8 > 0,¥;,i = 1,2, ..,k — 1

termined.

5
1 was also considered for the development of the
test statistic for the ordered hypothesis set (32).
As a result, we have a vector of statistics Z* =
(ZA{‘,ZA;,...,ZA,’E_l). Also, each of the elements in
Z* has a unit Gaussian density. That is
2;~N(0,1) V;,i=12,..,k—1 which therefore
presupposes that the probability density of the
minimum element in Z*(i.e.Zy;, = min(Z}))

can be assumed to have a unit Gaussian density.
That is, Zpin = min(Zf) ~N(0,1), min(Z;) € Z.

The following statistic 2; = V=12, .,k -

Therefore, the test statistic for testing the
ordered hypothesis set (32) becomes

1
ning )E Pe—Di

min (
1sisk—-1 \ni+nc/  \/p(1-p)

Similarly, a square transform of (33) yielded
alternative test statistic

~N(0,1) (33)

Zmin =

X2. = min (ninc ) (—ﬁ”_ Py )2 ~ x2 (34)
M g<isk—1 \ng+ne/ \p(A-p) v

Following similar line of arguments as in
Case I regarding the true distribution of the test
statistic for the hypothesis set (8), the develop-
ment of the true distribution of the test statistics
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(33) or (34) shall be pursued by examining the
distribution of ordered statistics based on vector
(21,23, ..., Z;_1). By this, the
following probability distribution for the test sta-
tistic Zi,, in (33)
f i (§7) = Ge= D[1 = @] F(87) (35)
was derived where {* € Z* is a random variable
defined on Z;.

Again, the distribution of the Z,,;, in (35)
can only be a unit Gaussian if and only if k =

of statistics Z* =

2, which is only desirable while comparing
two-population proportions. For the cases
where k > 2 as conjectured in this work, the
true distribution of Z,,;, cannot be perfectly
approximated by unit Gaussian and by exten-
sion, the test statistic Z2;, = X2, cannot pos-
sess a Chi-square distribution with one degree
of freedom for all values of k > 2. So, the true
density of X?2;, has to be determined for vari-
ous values of k > 2.

It should be noted that either of the test
statistics developed under Case I or Case II can
be used for testing equality of population pro-
portions against ordered alternative with a
control depending on whether hypothesis
statement (8) or (32) is to be employed respec-
tively. The two tests would essentially provide
the same conclusion. Hence, further discus-
sions on the development of the proposed test
procedure in this work were presented for Case
I only due to space.

SIMULATION STUDIES

The scheme followed in the Monte-Carlo studies
of the proposed test statistics for testing hypothe-
sis of equality of population proportions with or-
dered alternative involving a control group is
presented in this section.

To determine the power and empirical Type
I error rate of the proposed test statistics, five in-
dependent population groups (k = 5) were con-
jectured. Therefore, five independent random
samples X, ..., X5 of numbers of people that are
positive to drug types dy, ..., ds (say) were simu-
lated from binomial distributions with varying
sample sizes n; set between 20 and 100 for differ-

ent combinations of population proportions p;,
i=1,..,5. All the tests were performed at 5%
significance level.

Under this setting, the fifth drug ds was tak-
en to be the best and the control drug. Hence, the
p; were set such that ps > p;, i = 1, ...,4. Specifi-
cally, one of the set of values of the five popula-
tion proportions employed in the simulations
were p; = 0.1; p, = 0.15; p; =0.2; p, = 0.25;
and ps = 0.45.

In order to determine the degrees of free-
dom of the proposed test statistics, data were
simulated for up to 100 population groups. The
values of the test statistics (26) and (34) for the
hypothesis sets (8) and (32) were determined
respectively at various samples sizes and at dif-
ferent population proportions. At a particular
sample size for instance, the average of the
computed test statistics was determined over
1000 replications in order to obtain its degree
of freedom.

All the simulations and analysis were per-
formed within the environment of R statistical
package.!?

I RESULTS

Results from the Monte-Carlo experiments for the
development and applications of the proposed test
statistics are presented in this section. However, on-
ly the simulation results for theoretical develop-
ment of the proposed test statistic and its applica-
tions under Case I were presented due to space. Re-
sults for Case II were similar to those obtained un-
der Case I and the two results essentially yielded
similar conclusions.

The simple histogram and the density graphs of
the computed values of the test statistic (26) were
plotted at various sample sizes for comparing popula-
tion proportions in five groups. The histogram and
the density of the test statistic values for sample sizes
20 and 100 are presented by Figures 1a-d. respective-
ly due to space. In all the four graphs, the closeness
of the distribution of the test statistic to the family of
Chi-square distribution is apparent as shown in Fig-
ures la-d.
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FIGURE 1: The histogram of the proposed test statistic values X;% .. overlaid by its theoretical density curve and the density plot of the observed

Xax values (black curve) overlaid by its theoretical density plot (red curve) at sample sizes 20 (graphs (a.) & (b.)) and 100 (graphs (b.) & (c.)).
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FIGURE 2: Plot of observed and theoretical cumulative distribution function of the proposed test statistic X7, at sample sizes 20 (left graph) and 100
(right graph).

As a further confirmation of the distribution ple sizes 20 and 100 as shown in Figure 2. Again,
of the test statistic, the graphs of the observed the two graphs showed that the distribution of
(empirical) and theoretical cumulative distribu- the test statistic X%,y is from Chi-square family
tions of the computed values are plotted for sam- of distributions.
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Now that the distribution of the proposed
test statistic X2,,, has been determined to be Chi-
square, it is therefore important to further de-
termine the degrees of freedom for all possible
X2 . values for different population groups k as
they would emanate from various test problems
as conjectured in this work. This would enable
easy inference to be drawn as in the conventional

chi-square test of independence.

However, various results from simulation
studies showed that the degrees of freedom of
the proposed test statistics are only influenced
by the number of groups (&) being compared
but not by the group sample sizes n; whether
they are equal, in which case ny =n, = --

ng =n or not. Thus, only the results for the
case of homogenous group sample sizes are re-
ported in this work.

However, it can be recalled that the degree
of freedom of a typical Chi-square random var-
iable X can be estimated by its arithmetic
mean X. To this end, the degrees of freedom v
of the proposed test statistic X2,,, were simply
determined in the Monte-Carlo experiment by
computing the means of the estimated test sta-
tistic values X2, for number of groups & > 2
up to k£ = 100 with group sample size n; = 100
for all i at 1000 replications. These degrees of
freedom for values of 4> 2 up to k= 26 (i.e. &
=3,4,5, ..., 26) are provided in Table 1 due to
space. The graph of the plot of the degrees of
freedom of this test statistic against the number

TABLE 1: Table of degrees of freedom for the proposed test statistic for ordered hypothesis test of population proportions
with a control. The table provided the degrees of freedom ( v) for number of groups (k) being compared up to k= 26
populations (groups). For more than 26 groups (k > 26), the following equation v = 1.6478 x k%2765
should be used to determine v.

Number of Group(k) Degree of freedom (v) Number of Group (k) Degree of freedom (v) Number of Group (k) Degree of freedom (v)
3 1.619051 11 3.064805 19 3661092
4 1.981779 12 3.138456 20 3712839
5 2.204617 13 3205245 21 3767818
6 2.432621 14 3.264881 22 3.811624
7 2.604624 15 3.346759 23 3.867405
8 2.770404 16 3.424155 24 3.944560
9 2.857594 17 3.475543 25 4012377
10 2.971645 18 3575597 26 4.052725

«©

Degree of freedom (v)
4

T T T T T T

40 60 80 100

No. of groups (k)

FIGURE 3: Graph of the plot of number of group (k) against empirical degree
of freedom (v) for the proposed chi-squared distributed test statistic X .
for comparing ordered population proportions with a control.

of population groups being compared is provid-
ed by Figure 3.

Intuitively, comparisons among population
groups with & = 26 might turn out to be a need-
less exercise in real life situations. Nevertheless,
for test hypothesis cases for which & > 26, their
degrees of freedom can be determined using the
equation

v = 1.6478 x k02765 (36)

where v is the desired degree of freedom and k is
the number of groups being compared as speci-
fied in the hypothesis test problem. The above
equation that connects v and k was constructed
using the simulated v of the proposed test statis-
tic X2, at various number of population groups
k (for k > 26) over 1000 replications.
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It is worthy to remark that various results
Carlo
showed that the degrees of freedom for the pro-
posed test statistics X2,, or XZ,, are not neces-

from Monte experiments performed

sarily integers as shown in Table 1 unless if trun-
cated at one decimal place. This truncation if
performed, will affect the corresponding p-values
and possibly the inferences based on such test
statistics values.

To compare the goodness of the proposed
test procedure with the conventional Chi-square
test of homogeneity of population proportions,
we considered hypothesis case to compare the
proportions of five populations with the fifth
group being the control. The values of the five
population proportions are p; = 0.1, p, = 0.15,
p3 = 0.2, p, = 0.25 and ps = 0.45 as specified in
Section 3 under the simulation scheme. The ob-
served values X, X,, X3, X,and X;were simulated
independently through Bernoulli distributions
with the above respective specified population
proportions at small sample sizes 20, 40, 60; mod-
erate sample sizes 80, 100; and large sample sizes
120, 140, 160, 180, 200.

Given the above data structure as simulated,
the desired ordered hypothesis of interest, as con-
jectured here, based on the proposed test statistic
X2 using (8) is of the form

(37)

Hy:§; =0 against H,: max;cies 8 <0 V;, i=1,2,3,4

where §; = p; — ps for i = 1,2, 3,4. On the other
hand, the hypothesis of interest for the conven-

tional Chi-square test of homogeneity of the five
population proportions is of the form #,: p, =p; v,;'
i,i'=1,23,4,5 against H, p #p; (38)

for at least a pair (i, i').

The two hypotheses (37) and (38) were test-
ed at 5% Type I error rate using the proposed
tests statistic X2,, and the classical Chi-square
statistic for testing homogeneity of population
proportions. The empirical Type I error rates as
provided by each test method and their corre-
sponding powers at various sample sizes are pre-
sented in Table 2.

The well-known general Chi-square statistic
for testing homogeneity of & population propor-
tions is of the form

2 _ vk (0i—e)* 5
— X

X =diza— k-1 39)

where O; and e; are the observed count (X;)
value and the expected count (under the null
hypothesis H,) from the i*" group respective-
ly. The e; is estimated as e; = np; where
n =Yk n; and p; = 1/k under H,.

For ease of assessment of the performance of
the two tests methods, the plot of the estimated
empirical Type I error rates and powers (in %) of
these tests at various sample sizes are provided as
shown by Figure 4.

ILLUSTRATIVE EXAMPLE

To demonstrate the application of the proposed
test method for testing ordered hypothesis of

TABLE 2: Table of Empirical Type -1 error rates (ALPHA-ar) and Powers of the proposed test procedure and the conventional
chi-square test of homogeneity of population proportions at various (homogeneous) group sample sizes n; = n.

Sample sizes (n)

Proposed X2, Test
20 457
40 477
60 4.76
80 473
100 4,95
120 488
140 498
160 484
180 443
200 498

Empirical ALPHA () at 5%

Power
X2-Test Proposed X2,,, Test X?-Test
7.55 48.63 28.96
484 66.78 48.04
4.75 80.25 69.65
473 87.69 82.77
5.09 92.99 91.29
4.95 95.68 96.49
4.75 97.37 98.15
4.90 98.69 99.38
4.69 99.29 99.60
5.20 99.67 99.94
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Plot of alpha at various sample sizes

A V-

s —a—a— X=3=—a—

Estirated Alpha(n %)
4
1

—=— Ordered Test
—&—  Classical Test
—=— Nominal 5%

T T T T
50 100 150 200
(@)

Sample sizes

Plot of Power at various sample sizes

Estimated Power(in %)
)
1
.
bQ

—*— Ordered Test
—&— Classical Test
T T T T

50 100 150 200
(b)

Sample sizes

FIGURE 4: Graph of the estimated empirical Type | error rates (Figure 4 (a)) by the proposed test for ordered hypothesis set (37) and the classical Chi-square
test of homogeneity of population proportions (38) at different sample sizes. The solid horizontal line in the plot indicated the nominal 5% Type | error rate
used for the two tests. Figure 4 (b) is the plots of the estimated powers of the proposed and the classical Chi-square tests at various sample sizes.

TABLE 3: Table of results of the proposed test for testing ordered hypothesis of population proportions with a control of hy-
pothesis statement (37) and the conventional chi-square test of homogeneity of population proportions of
hypothesis statement (38) at sample size 20 for comparing five populations with the population proportions

p1 = 0.1, p, = 0.15,p; = 0.2, p, = 0.25, and ps = 0.45.

Test Procedure Test Statistic Value Degree of freedom P-Value Decision
Proposed Ordered Test 11.4342 2.204617 0.0042 Reject Ho
Conventional Chi-square Test 9.3144 4 0.0537 Do not reject Ho

population proportions with a control, the results

of the test hypothesis problem (37) at group sam-
ple size 20 are reported. The corresponding re-
sults of the conventional chi-square test of ho-
mogeneity of population proportions for hypoth-
esis problem (38) are equally reported as shown
in Table 3 for easy comparison.

The values of the proposed test statistics X2,
and that of the conventional chi-square test of ho-
mogeneity of population proportions, their corre-
sponding degrees of freedom and their p-values are
all provided in Table 3. The decisions based on the
p-values of the two tests are equally provided in
which the proposed test rejected the null hypothe-
sis Hy in hypothesis set (37) while the conventional
chi-square test did not reject the null hypothesis set
H, in hypothesis set (38) at 5% significance level.

The p-value, p,, of a Chi-square statistic val-
ue X? at v degree of freedom is obtained by a
straightforward general procedure by computing

Py =p(X*>X%) =1-p(X*<X?) (40)

The p, can be easily obtained from any
general Chi-square table if v is an integer.

However, if a non-integer valued degree of
freedom v is obtained from Table 1 or deter-
mined from equation (36), the associated p-
value can be easily obtained using any of the
flexible statistical packages. For instance, the p-
value P, of the computed test statistic X2, at v
degree of freedom is determined by p, =1 —
p(x? S)?Tznax)v. Therefore, using R statistical
package, with X2, =114342 and v=
2.204617, the p-value is obtained by invoking
the R function p.value = 1 - pchisq(q = 11.4342,
df = 2.204617)which yielded the needed p-value
0f 0.0042 as reported in Table 3.

The argument q in the above R code is the
quantile value of the Chi-square distribution
which corresponds to the computed value of the
test statistic X%, while the df is its associated
(non-integer value) degree of freedom. What any
interested users should therefore provide to de-
termine the p-value of the proposed test statistic
X2, are the computed test statistic value X2,
and its associated degree of freedom v from Table
1 or determined by equation (36) based on the
number of groups k being compared.
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I DISCUSSION

The theoretical development of the proposed test
statistic X2,q, or X2, for testing equality of k pop-
ulation proportions against ordered alternative with
a control suggested that its true density cannot be
Gaussian as it might otherwise be quickly conjec-
tured from the test statistic for comparing two pop-
ulation groups. Indeed, results from Monte-Carlo
experiments showed that the true density of X2,
or X2, is Chi-square with non-integer values de-
grees of freedom v.

Although, the distribution of the new pro-
posed test statistic has been found to be chi-
square, a major attribute of this statistic is that its
degree of freedom is not constrained to be neces-
sarily integers as shown in Table 1, the table of
degrees of freedom constructed for this new test
statistic. However, if any of the constructed de-
grees of freedom is rounded up to integer, the
value of the p-value that is associated with it
would be distorted which might result in mis-
leading conclusion. For instance, in the illustra-
tive example in Section 4.1, the degree of free-
dom of the test statistic for five group comparison
is 2.204617 which yielded a p-value of 0.0042 for
the computed value 11.4342 of the proposed test
statistic indicating strong evidence in support of
the rejection of the null hypothesis H, in favour
of the ordered alternative set H, in the hypothe-
sis set (37).

If the degree of freedom 2.204617 is rounded
up to integer of 2, the corresponding p-value of the
test statistic value would be 0.0033 which is rela-
tively smaller than 0.0042 earlier obtained for the
test, a difference of 0.0009. Although, these results
essentially yielded the same conclusion, but such a
difference might at times yield contradictory con-
clusion in some other data structure.

A thorough comparison of the proposed test
statistic with the conventional chi-square test of
homogeneity of population proportions was per-
formed for which the test hypotheses set (37) for
the proposed test, and hypothesis set (38) for the
conventional chi-square test were constructed
and tested at 5% Type I error rate.

The goodness of these two tests were com-
pared based on the closeness of their estimated
Type I error rates to the nominal Type I error
rate of 5% set for each of the tests. The plots of
the empirical Type I error rates of the two tests
against the various sample sizes as presented by
Figure 4(a) showed that the newly proposed test
is relatively more efficient than the conventional
test. The proposed test statistic yielded efficient
estimates of Type I error rates that are closer to
the nominal 5% used at all the sample sizes. On
the other hand, the conventional Chi-square test
statistic yielded poor estimates of the Type I error
rate at smaller sample size of 20 before it got sta-
bilized at other higher sample sizes.

In terms of power, the new test statistic
proved to be more powerful at smaller sample
sizes than the classical Chi-square test statistic as
shown in Figure 2 (right graph). The powers of
the new test statistic are higher than that of the
Chi-square test statistic beginning from sample
size 20 up to 100 as shown in Table 2 while they
both yielded appreciable powers at relatively
higher sample sizes as expected.

More importantly, the goodness of the new
proposed test method over the classical Chi-
square test is also apparent in its ability to estab-
lish the superiority of a new drug type (say) over
some of the existing ones with respect to its rela-
tive preference by users over others. This point
was made very clear by the illustrative hypothet-
ical example given in Section 4.1 in which drug
type five was more preferred by 45% of users
over other four exiting drugs with ps = 0.45.

From the results provided in Table 3, the clas-
sical Chi-square test of homogeneity of population
proportions using the test statistic (39) simply con-
cluded that the preferences for the five drug types
are the same across the various users thereby failed
to reject the null hypothesis H, in (37). Whereas,
the proposed test method for ordered hypothesis
test of population proportions actually established
the superiority of the fifth drug type being the most
preferred by users over others by rejecting the null
hypothesis in favour of the alternative hypothesis
H, in hypothesis set (37).
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N concLUSION

A novel test statistic for testing hypothesis of
equality of population proportions against or-
dered alternatives with a control is proposed in
this work. A suitable test statistics for this hy-
pothesis test problem was developed and its sta-
tistical distribution established.

The distribution of the new proposed test
statistic was found to be Chi-square but with
non-integer degrees of freedom. A table that
contained degrees of freedom for k groups’
comparisons was provided with k < 26 groups.
For comparing population groups more than
26, an equation was developed to determine
the required degrees of freedom for the test
statistic.

The proposed test method was compared
with the classical Chi-square test of homogeneity
of population proportions. Results showed that
the classical Chi-square test, unlike the proposed
test, suffers from its inability to establish superi-
ority of a population group over others even if
such superiority actually exists in a set of popula-
tion groups.

Not only this, the powers of the proposed
test method are quite higher than those provided
by the classical chi-square test of homogeneity of
population proportions, especially at lower group
sample sizes.

Finally, it can be concluded from the results
in this work that if determination of superiority
of a quantity in terms of its acceptability by peo-
ple or otherwise is of prime interest as often the
case in pharmacology and drug discovery, the test
method proposed here could be a viable tool to
determine such.

It should be reiterated at this point that, the
application of the new test method proposed in
this work is not limited to medicine or pharma-
cology. The method could equally find its use in
all other disciplines and scenarios where it is de-
sirable to establish the superiority of one meth-
od/system over others in which only qualitative
data sets are available.
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