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ve Biyoloji Biliminde Uygulamasi

ABSTRACT In this paper, a zero-truncated two-parameter Poisson-Lindley distribution
(ZTTPPLD) which includes zero-truncated Poisson-Lindley distribution (ZTPLD) as a particular
case has been obtained by compounding size-biased Poisson distribution (SBPD) with an assumed
continuous distribution. Its raw moments and central moments have been given. The coefficients
of variation, skewness, kurtosis, and index of dispersion have been obtained and their nature and
behavior have been discussed. The estimation of parameters has been discussed using both
method of moments and maximum likelihood estimation. The goodness of fit of ZTTPPLD has
been discussed with an example from biological science and the fit has been found better as
compared with zero-truncated Poisson distribution (ZTPD) and zero- truncated Poisson- Lindley
distribution (ZTPLD).

Keywords: Zero-truncated distribution; two-parameter poisson-lindley distribution;
moments; maximum likelihood estimation; goodness of fit

OZET Bu makalede, varsayilan bir siirekli dagihm ile size-biased Poisson dagilimi birlestirilerek,
ozel bir durum olarak sifir-kesilmis Poisson-Lindley dagilimi (ZTPLD) igeren bir sifir-kesilmis
iki-parametreli Poisson-Lindley dagilimi1 (ZTTPPLD) elde edilmistir. Ham momentler ve merkezi
momentler verilmigtir. Degisim katsayilari, carpiklik, basiklik ve yayilim indeksi elde edilmis;
dogalar: ve davraniglar1 tartisilmigtir. Parametrelerin tahmini hem momentler yontemi hem de en
cok olabilirlik tahmini kullanilarak ele alinmistir. ZTTPPLD’nin uyum iyiligi biyoloji biliminden
bir 6rnek ile tartiglmigtir. Uyum, sifir-kesilmis Poisson dagilimina (ZTPD) ve sifir-kesilmis
Poisson Lindley dagilimina (ZTPLD) gore daha iyi bulunmustur.

Anahtar Kelimeler: Sifir-kesilmis dagilim; iki-parametreli poisson-lindley dagilimi;
momentler; en ¢ok olabilirlik tahmini; uyum iyiligi

n probability theory, zero-truncated distributions are certain discrete
distributions having support the set of positive integers. Zero-
truncated distributions are suitable models for modeling data when
the data to be modeled originate from a mechanism which generates data

excluding zero counts.
Suppose p (x¢)is the original distribution. Then the zero-truncated
version of p (x.6)can be defined as

5 R (x9)

g)=—\27) Ly 1.1
> (%.60) =P (0:0) ;x=1,2,3,.. (1.1)
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Shanker and Mishra (2014) has obtained a two-parameter Poisson-Lindley distribution (TPPLD) defined
by its pmf”

2 x+a(6+1)+1
o x+a(6+1) :x=0,1,2,..8> 00a>- . (1.2)

R(x6,a)= —

0 ( ) ea +1 (9 +1)>< 2
It can be easily verified that at @ =1, TPPLD (1.2) reduces to the Poisson-Lindley distribution (PLD)
introduced by Sankaran (1970) having pmf>

2
= % ;x=0,1,2,...8> ( (1.3)
+

P(x6)
Shanker and Mishra (2014) have studies the mathematical and statistical properties, estimation of
parameters of TPPLD and its applications to model counts data’. It should be noted that PLD is also a
Poisson mixture of Lindley distribution, introduced by Lindley (1958) . Shanker and Hagos (2015) have
discussed the applications of PLD for modeling data from biological sciences and concluded that PLD

gives much closer fit than Poisson distribution®.

The TPPLD (1.2) is a Poisson mixture of two-parameter Lindley distribution (TPLD) of Shanker and
Mishra (2013) having pdf ¢

2

f,(x;6,a) = (a+x)e®;x>0,6>00a>-1 (1.4)

fa+l
The Lindley distribution, introduced by Lindley (1958) and studied in detail by Ghitany et al (2008 b) is
a particular case of (1.4) for@ =12% Shanker et al (2016) have discussed various interesting properties
including moment generating function, mean deviations, order statistics, Bonferroni and Lorenz curves,
Renyi entropy measures and stress-strength reliability and applications of TPLD to model lifetime data

from biomedical science and engineering!®.

In this paper, a zero-truncated two-parameter Poisson-Lindley distribution (ZTTPPLD), of which zero-
truncated Poisson-Lindley distribution (ZTPLD) is a particular case, has been obtained by compounding
size-biased Poisson distribution (SBPD) with a continuous distribution. Its raw moments and central
moments have been obtained. The expressions for coefficient of variation, skewness, kurtosis, and index
of dispersion have been obtained and their nature and behavior have been discussed graphically.
Maximum likelihood estimation has been discussed for estimating the parameters of ZTTPPLD and its

goodness of fit has been compared with ZTPLD and ZTPD with an example from biological science.

I ZERO-TRUNCATED TWO-PARAMETER POISSON-LINDLEY DISTRIBUTION
Using (1.1) and (1.2), the pmf of zero-truncated two-parameter Poisson-Lindley distribution (ZTTPPLD)
can be obtained as

& x+a(0+1)+1
Fa+a+20+1 (9+1)"

R(x6,a)= ;x=1,23,..0> 0¢°a+6a+ B+ t | 2.1)

It can be easily verified that at @ =1, (2.1) reduces to the pmf of zero-truncated Poisson-Lindley
distribution (ZTPLD) introduced by Ghitany er a/(2008 ) and defined by.3

) g  x+6+2 2.2)

P (x8)= x=12,3,... (
2 (% & +39+1 (9+1) x=123..6>
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Shanker et a/ (2015) have done extensive study on the comparison between ZTPD and ZTPLD with
respect to their applications in data-sets excluding zero-counts and showed that in demography and
biological sciences ZTPLD gives better fit than ZTPD while in social sciences ZTPD gives better fit than
ZTPLD®.

The p.m.f. of zero-truncated Poisson-distribution (ZTPD) is given by

PS(X;H):L_? :x=1,2,3,...8> ( (23)
(1—e )x!

The nature and behavior of ZTTPPLD for varying values of parameters & and & are explained
graphically in fig.1. It is obvious from the graphs of the pmf of ZTTPPLD that it is monotonically
decreasing for increasing values of the parameters@ and ¢ . If & is constant and @ increases, the
graph of the pmf of ZTTPPLD shift upward slowly and decreasing slowly for increasing value of X. If
Q is constant and @ increases, the graph of the pmf of ZTTPPLD starts from higher value and
decreasing fast with increasing value of X. That is the change in the parameter & makes a difference in
the shape of the pmf of ZTTPPLD and thus the parameter & is the dominating parameter. The change
in the value of parameter @ does not make much impact on the shape of the pmf of ZTTPPLD.
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FIGURE 1. Graph of the probability mass function of ZTTPPLD for varying values of parameters Oand
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It should be noted that it is very tedious and complicated to find the moments of ZTTPPLD (2.1)
directly. To find moments of ZTTPPLD in an easy and interesting way, firstly we have obtained the pmf
of ZTTPPLD as a size-biased Poisson mixture of an assumed continuous distribution.

The ZTTPPLD (2.1) can also be obtained from size-biased Poisson distribution (SBPD) having pmf

e—/l/1x—1 (2 4)
X|A)= X=1,2,3,...4> ( .
g(x|4)== © a
when the parameter A of SBPD follows a continuous distribution having p.d.f.
& ,
h(A;0,a)= G+NA+a(0+D)+1le? 1> 08> 0FPa+0a+ B+ b ( (255)
( ) Gza+ﬁa+26?+1[( ) ( ) } A g 4

Since the parameter A > 0 of SBPD, we assumed its distribution to be a continuous distribution (2.5) so
that the mixture of SBPD (2.4) with (2.5) gives ZTTPPLD (2.1) and thus will be useful for obtaining
moments of the proposed distribution.

Thus, the pmf of ZTTPPLD can be obtained as

P(x6,a)=|g(x|A)h(4;6,a)dA

oOt—38

_We—AAX—l 02 oy
=| 0 D02a+ga+20+1[(9+1)/1+a(9+1)+1]e dA (2.6)
0

— ° €+ X X—
_[9 a+9a+26?+1 .([e ! [8+1/] { (8+1)+]}/1 l]d/‘

6? {(6+1)I’(x+1)+{a(t9+1)+l}l'(x)1
[6?a+6a+20+1]T (x)| (9+1)" (6+1)

6? x+a(6?+1)+1
Oa+0a+20+1  (9+1)"

x=1,2,3,..0> 00°a+0a+ B+ b |

which is the p.m.f. of ZTTPPLD with parameter & and @ as given in (2.1).
MOMENTS AND RELATED MEASURES OF ZTTPPLD

The T th factorial moment about origin of ZTTPPLD (2.1) can be obtained as

tey =E[E(XV12)] iwherex@ =X (X = J(Xx = 3 fX -1+ )

Using (2.6), we have

ix _A/]H} f(6+1)A+a(6+1)+1]e*dA

Ko =g a+9a+2¢9+1ﬂx1

00 A/‘X—I’
- r-1
62 a+€a+28+1ji z (x—r)!

}Eﬂ(éHl)A +a(6+1)+1]e*'dA
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Taking Y= X—T , we get

—/l
A f+1)A+a(6+1)+1]edA
y!

= +
& a+6a+29+ ;[{ Vo (y+r)

Hry =

©

= [a(A+r)di(o+1) A +a(0+1)+1]edA
60/+90/+29+10

Using gamma integral and a little algebraic simplification, we get the expression for the r th factorial
moment about origin of ZTTPPLD (2.1) as

,_ri(8+1)(8a+r+1)

U g|ea+oa+20+1]

=123, @.1)

Substituting  =1,2,3,and 4n equation (3.1), the first four factorial moments about origin can be
obtained and using the relationship between moments about origin and factorial moments about origin,
the first four moments about origin of ZTTPPLD (2.1) are obtained as

. (6+1)*(6a+2)
A 6(6?a+0a+20+1)

 _ (6+1)*{6a(8+2)+2(6+ 3}
2 &' (8 a+0a+20+1)

(6’+1)2{6?a(6’2+66?+ 6)+ 2(6?2+ D+ 13}
6’3(6?2a+6?a+26’+1)

My =

1

(6+1)"{0a(6° +140° + 389+ 24+ {0°+ 28>+ 72+ 6f
p =

9“(92a+9a+29+1)

Again using the relationship between moments about origin and moments about mean, the moments
about mean of ZTTPPLD (2.1) are obtained as

(0+1){Fa’+(a+5)0°a+(4a+ 60+ 3

U =g?=
’ (6 a+0a+20+1)
(041 96a3+(4a+7)¢95a2+(512+ 281 + 1()674a+( 2%+ 387%+ 59+ ])293
+1
+(120% + 540+ 3967 +( 121+ 2§60+ 4
My =

6?3(672a+670'+26?+1)3

& a’+(120+9)6°a°+( 3% °+ 114+ 30070 *+( 55+ 3GB+ 389+ J4’n

(6+1)°1+(36a" + 492° + 1147*+ 572+ 20°+( @'+ 306+ 1376+ 140% o8

+(720° + 720° + 1508 + 68F0°+( 132°+ 636+ 5pa’+( @6 e 24
6?“(6’2a+6'a+26'+1)4

Hy =

Finally, the coefficient of variation (C.V), coefficient of Skewness ( \/El ), coefficient of Kurtosis () and

index of dispersion (y) of ZTTPPLD (2.1) are obtained as
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in{Hs”2+(”+5)92ﬂ+(4a+6)e+ 3

NV (6+1)(6a+2)

6°a’+(4a+7)0°a’+ (50 %+ 28 + 1§00 +( 2°+ 38°+ 59+ 1°
VB~ 0o +(12a2+54a+ 35)92+(1Z'+ 2P0+ 4
L () (6+1){6°a*+(a+5)0%a+(4+ 60+ %w

& a+(120+96°a’+(3% %+ 114+ 3)97a *+( 55°+ 3aB%+ 380+ )&%

+(36a* + 492+ 114%%+ 572+ 29°+( @'+ 306+ 1376+ 1497 368

+(720° + 72w + 1508 + 68p9°+( 132°+ 636+ 5hA’+( @6 Jex 24
(6+1)°{6° a?+(a+5)6%a+(4a+6)6+ 3

M _
S

_o°_Ga’+(a+5)0°a+(4a+6)6+2
4 i 0(0a+2)(6°a+6a+20+1)

The nature of coefficient of variation, coefficient of skewness, coefficient of kurtosis, and index of
dispersion of ZTTPPLD (2.1) are shown graphically in Figure 2. From the graphs in Figure 2, it is clear
that C.V and index of dispersion of ZTTPPLD are decreasing for increasing values of the parameters

while coefficients of Skewness and Kurtosis are increasing for increasing values of parameters.
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FIGURE 2. Coefficient of variation (C.V.), Coefficient of skewness, coefficient of kurtosis and index of dispersion plot for different values of & and g
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I ESTIMATION OF PARAMETERS
METHOD OF MOMENT ESTIMATES (MOME) OF PARAMETERS

Since ZTTPPLD (2.1) has two parameters & and @ to be estimated, the method of moment is based on
equating the ratio of the first two probabilities and the mean. From (2.1), we have
_ G (a+a+2)

o G (fa+a+3)
L (6+1)(6Pa+8a+20+])

and p, = .
(6+1)°(6°a+6a+20+))

Taking the ratio of these probabilities, we get

p, _ (Ba+a+3)

p (6+1)(6a+a+2)
After a little algebraic simplification, above equation reduces to

3p,—2(6+
a(6+1)= b =20+ ) p, (4.1.1)
(9"'1) P~ P
Again, simplifying the expression of the mean of ZTTPPLD (2.1), we get

2(1-p) & +(4- )6+ 2 (4.1.2)
o(uo-6-1)

a(6+1) =

Now, equating equation (4.1.1) and (4.1.2), we get a quadratic equation in & as

AG>+BO+C=0 (4.1.3)
where

A=(1-p)p+(2-p)p,

B=(u-1)p +(4-4)p,

C= 2( P - pz)

From equation (4.1.3) , MOME @ of 6 can be obtained from

— 2 _
B+/B2-4AC 4.15)

2A

(4.1.4)

e

Replacing the population mean f/ by the corresponding sample mean X and P, and p, from the
respective probabilities from the given data set, values of A, B, and C in (4.1.4) can be obtained and

substituting these values in (4.1.5) will give MOME estimate G of 8. After obtaining the MOME 9,
MOME @& of &' can be obtained either from

Lol {3p1—2(6'+1)p2} (4.1.6)
6+1 (6+1)p,-p,

Or

so 1 |201-p) 6 +(4-p)6+2 (4.1.7)
6+1 6(u6-6-1)
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MAXIMUM LIKELIHOOD ESTIMATES (MLE) OF PARAMETERS
Let (Xl, Xy, ...,Xn)be a random sample of size Nfrom the ZTTPPLD (2.1) and let fx be the observed

frequency in the sample corresponding to X =X (x=1,2,3,...K such that Zk: f_=n, where Kis the

x=1
largest observed value having non-zero frequency. The likelihood function L of the ZTTPPLD (2.1) is
given by

g’ ] 1k :
=| — - [x+a(6+1)+1]
[9 a+8a+20+1 (9+1)§fo I;l

The log likelihood function is thus obtained as

92
IogL:nIog[eza+ea+ze+J fo log(6+ 1)+ Zf Iog{x+a (6+ ])+ﬂ

x=1

The maximum likelihood estimates (é,ﬁ') of ( H,a) of ZTTPPLD (2.1) is the solutions of the following

log likelihood equations

dlogL _2n_ n(20a+a+2) Z
00 6 Ga+fa+20+1 9+1 [x+a9+1+1]

dlogL _  -n(6°+9) Ly (6+1) 1,
da  O*a+0a+20+1 Tix+a 6?+1)+1]

where X is the sample mean.

These two log likelihood equations do not seem to be solved directly because MLE’s of parameters of
ZTTPPLD do not have closed form. However, the Fisher’s scoring method can be applied to solve these
equations. We have

d’logL _ 2n n{a2(292+26?+1)+49a+2(a+ 2)} nx K a’f,
=—-—+
06° 62 [Pa+6a+20+1] (9+1 _1[x+a (9+1)+1]°
ologl _ n(e°+e)  x (6+1)°f,

00" (Ga+0a+20+1) E[x+a(6+1)+1]

%logL _ —n(26° +20+1) oo (x+f _d%logl
0000 (@a+0a+20+1) ‘F[x+a(9+1)+1] 0add

For the maximum likelihood estimates (g g)of (8,a) of ZTTPPLD (2.1), following equations can be
8,a 8

solved
0°logL 0%logL dlogL
06°  980a 6-6,|_| a6
0’logL 9”logL a-a,| |odlogL
000a  00° o, oa Jo=e
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where €, and Q) are the initial values of & and &, respectively. Note that the initial values (90,0'0)
are the values given by method of moments. These equations are solved iteratively till sufficiently close

values of @ and & are obtained.

I GOODNESS OF FIT

The goodness of fit of ZTTPPLD has been discussed with a count data and the fit has been compared
with ZTPD and ZTPLD. In this section, the goodness of fit of ZTPD, ZTPLD, and ZTTPPLD have been
compared for a data set due to Finney and Varley (1955) who gave counts of number of flower having
number of fly eggs !. The values of ML estimate of parameters, standard error of parameters, chi-
square (c?), p-values, —2l0gL and AIC (Akaike information criterion) are given in the tablel. From the

table it is obvious that the values of chi-square and AIC are minimum for ZTTPPLD as compared to
ZTPLD and ZTPD, so ZTTPPLD can be considered as an important model for biological science data.

TABLE 1: Number of flower heads with number of fly eggs, reported by Finney and Varley (1955).1
Number of fly eggs Number of flowers Expected Frequency
ZTPD ZTPLD ZTTPPLD
1 22 15.3 26.8 20.8
2 18 21.8 19.8 22.2
3 18 20.8 14.0 16.9
4 11 149 9.5 11.3
5 9 8.5 6.3 7.0
6 6 4.0 4.2 4.2
7 3 17 27 2.4
8 0
0 ) 0.6 1.7 1.4
0.4 3.0 1.8
Total 88 88.0 88.0 88.0
ML Estimate 6= 2.860¢ £=0.718¢ 6=1.0208¢
& =-0.5644¢
Standard Error 0.1926 0.0759 SE( é) =0.1681
SE(d)=0.1832
c? 6.648 3.780 1.518
d.f. 4 4 3
P-value 0.1557 0.4366 0.6781
-2logL 333.09 334.76 330.48
AIC 336.76 335.09 334.48

The AIC has been computed using AIC =-2logL + 2, where Kis the number of parameters

involved in the respective distributions.

The corresponding fitted pmf of ZTPD, ZTPLD, and ZTTPPLD along with the original data points for
the data set in table 1 are given in figure 3.
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— Plot of distributions for data set

Observed
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FIGURE 3. Corresponding fitted pmf of ZTPD, ZTPLD and ZTTPLD for data set in Table 1.

I CONCLUDING REMARKS

In this paper, a zero-truncated two-parameter Poisson-Lindley distribution (ZTTPPLD), of which zero-
truncated Poisson-Lindley distribution (ZTPLD) is a particular case, has been obtained by compounding
size-biased Poisson distribution (SBPD) with a continuous distribution. Its moments, and moments
based measures including coefficient of variation, skewness, kurtosis, and index of dispersion have been
obtained and their nature and behavior have been studied graphically. Method of maximum likelihood
estimation has been discussed for estimating the parameters of ZTTPPLD and the goodness of fit has
been discussed with a data from biological science and the fit shows quite satisfactory fit over ZTPD and
ZTPLD. The nature of probability mass function of fitted distributions for the data set has also been
discussed graphically.

Conflict of Interest

Authors declared no conflict of interest or financial support.

Authorship Contributions

Idea/Concept: Rama Shanker

Design: Kamlesh Kumar Shukla

Control/Supervision: Rama Shanker

Data Collection and/or Processing: Kamlesh Kumar Shukla
Analysis and/or Interpretation: Rama Shanker

Literature Review: Rama Shanker

Writing the Article: Rama Shanker

Critical Review: Kamlesh Kumar Shukla

References and Fundings: Rama Shanker

Materials: Kamlesh Kumar Shukla

94



Rama SHANKER et al. Turkiye Klinikleri J Biostat 2017;9(2):85-95

I REFERENCES

1. Finney DJ, Varley GC. An example of the truncated poisson distribution. Biometrics 1955;11(3):387-94.

2. Ghitany ME, Atieh B, Nadarajah S. Lindley distribution and its application. Mathematics Computation and Simulation 2008;78(4):493-506.

3. Ghitany ME, Al-Mutairi DK, Nadarajah S. Zero-truncated poisson-lindley distribution and its applications. Mathematics and Computers in Simulation
2008;79(3):279-87.

Lindley DV. Fiducial distributions and bayes’ theorem. J R Stat Soc Series B Stat Methodol 1958;20(1):102-7.

Sankaran M. The discrete poisson-lindley distribution. Biometrics 1970;26(1):145-9.

Shanker R, Mishra A. A two parameter lindley distribution. Statistics in Transition-New Series 2013;14(1):45-56.

Shanker R, Mishra A. A two-parameter poisson-lindley distribution. International Journal of Statistics and Systems 2014;9(1):79-85.

Shanker R, Hagos F. On poisson-lindley distribution and its applications to biological sciences. Biom Biostat Int J 2015;2(4):1-5.

Shanker R, Hagos F, Sujatha S, Abrehe Y. On zero-truncation of poisson and poisson-lindley distributins and their applications. Biom Biostat Int J
2015;2(6):1-14.

10. Shanker R, Hagos F, Sharma S. On two-parameter lindley distribution and its application to model lifetime data. Biom Biostat Int J 2016;3(1):1-8.

© o N oA

95



