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A Robust Approach to the Identification of
Latent Factor Structures

Latent Faktor Yapilarinin Belirlenmesinde
Saglam Bir Yaklasim

ABSTRACT Objective: Factor analysis is a method for modeling observed variables using a fewer
number of latent factors not directly observable. The analysis is based on the estimation of corre-
lation or covariance matrix. However, outliers can severely affect the covariance matrix (or cor-
relation matrix) and hence the parameter estimation and latent factor structures. The influence
of outliers is curbed using robust scatter matrix instead of classical one. Usage of the robust scatter
matrix within factor analysis leads to robust factor analysis. This study aims to compare classical
factor analysis with a robust counterpart that is resistant to the effect of outliers in a multivariate
data set. Material and Methods: The data regarding environmental sensitivity of university stu-
dents who were members of international student organizations were used. An e-mail survey was
administered to a sample of university students who are members of AISEC and AEGEE student
platforms in order to obtain the data regarding environmental sensitivity. Results: In classical
factor analysis, the six factors explained 64.6% of the total variance, while it explained 68.3% of
the total variance in robust factor analysis. Conclusion: The analysis results revealed that robust
factor analysis decreased the effect of outliers and provided estimations which fit most of the
data, which had a higher variance explained, and which included factors with more conceptually
meaningful variables.

Keywords: Robust estimators; robust factor analysis;
environmental attitudes and behaviors

OZET Amag: Faktor analizi gok sayidaki gozlenen degiskenleri az sayida dogrudan gozlenemeyen
gizli faktorleri kullanarak modellemeye calisan bir tekniktir. Analiz korelasyon ve kovaryans
matrisinin kestirimine dayanir. Bununla birlikte, her iki matris ve dolayisiyla da gizli fakt6r ya-
pilari ile parametre kestirimleri aykir1 degerlerden ciddi sekilde etkilenir. Klasik tekniklerle he-
saplanan matrisler yerine saglam tekniklerle hesaplanan matrisleri kullanarak aykiri degerlerin
etkisini gidermek miimkiindiir. Fakt6r analizinde kullanilan korelasyon veya kovaryans matrisi
yerine saglam korelasyon veya kovaryans matrisinin kullanimi aragtirmacilari saglam faktor ana-
lizi kullanimina gotiiriir. Bu ¢aliyma ¢ok degiskenli bir veri setinde aykir1 degerlerin etkisine
direngli olan saglam faktér analizi ile klasik faktér analizini kargilastirmay: amaclar. Gereg ve
Yontemler: Calismada uluslararas: 6grenci organizasyonlarina iiye olan {iniversite 6grencilerinin
cevre duyarhiliklarina iligkin veriler ele alinmigtir. Bu amagla AISEC ve AEGEE 6grenci platform-
larina iiye olan 505 iiniversite 6grencisine e-posta aracihigiyla anket uygulanmugtir. Bulgular: Kla-
sik faktor analizinde toplam varyansin %64.6’s1 alt1 faktor tarafindan agiklanirken, saglam faktor
analizinde bu oran %68.3 olarak bulunmustur. Sonug: Analiz sonuglar1 saglam fakt6r analizinin
aykiri degerlerin etkisini azaltarak daha yiiksek varyans aciklanma oranimin ve degiskenlerin
kavramsal olarak daha anlaml faktérlerde toplanmasi sonucu verilere daha iyi uyum saglayan
kestirimlerin elde edildigini gostermistir.

Anahtar Kelimeler: Saglam kestiriciler; saglam faktor analizi;
gevresel tutum ve davraniglar
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or the measurement of individuals’ sensitivities, behaviors, opinions and attitudes towards any sub-

ject matter within behavioral sciences, there are indirect measurement criteria. For the purpose

of measuring such concepts, scales which mostly involve combined use of variables considered to
measure the same concept have been developed. In scales involving Likert-type items, factor analysis is
commonly used to see which item forms a group with other items that serves a similar goal and to reveal
the effect of these items within the group.!”

Generally, data gathered from research in social or behavioral sciences have heavier tails when compa-
red to normal distributed data.® In addition, presence of outliers in data sets results in violation of the
normality assumption and causes the variables to fail to gather under appropriate factors. However, it is
important to remember that one goal of factor analysis is to reveal the real causes underlying a number of
measureable and observable variables or to identify the latent dimensions that cannot be measured or ob-
served.’ In this respect, it is a well-known fact that outliers affect these structures and have bad influence
on the performance of the analysis.'” Several studies in the literature note that factor analysis is commonly
used without controlling whether data fulfill its requirements.' '

In this study, in order to examine the influence of outliers on latent factor structures, classical factor
analysis is compared with a robust counterpart based on fast minimum covariance determinant (MCD)
estimators via a real data set on environmental sensitivity. The second part of the study focuses on classical
and robust factor analysis. The third part of the study aims at determining the factors influential on the
environmental sensitivity behaviors of university students who were members of AISEC (Association In-
ternationale des Etudiants en Sciences Economiques et Commerciales) and AEGEE (Association des Etats
Généraux des Etudiants de 'Europe) student platforms. In the last part, the results of robust factor analysis
are interpreted in comparison with the results of classical factor analysis.

I MATERIAL AND METHODS
A BRIEF INTRODUCTION TO FACTOR ANALYSIS

Factor analysis is regarded as a method for interpreting multivariate data structures and dimension redu-
ction.

The mathematical model of classical factor analysis is given below:

Vi = V1 + AN + Aongi + o+ A + €44

Yii = Vi + A + Aplai + -+ Al + & 1)

Ypi =Vp t Aplnli + Apznzi + -t Apknki + &pi.

where p denotes the number of variables and k denotes the number of factors; yj are the variables repre-
sented in latent factors; V; are the means; /1]- k are factor loadings; 7; are factor values; and ¢j; are error
terms with zero means and correlations of zero with the factors (i=1,2,...,n, and j=1,2,...,p). Therefore,
according to this model, it is assumed that there are k latent factors and that each observed variable is a
linear function of these factors.

This model can generally be reduced to matrix notation as shown below:
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y=v+An+e ()

where v = (Vy, ..., Vp,)" is the mean vector of the observed variables, A € RP*¥ is the matrix of factor
loadings reflecting the relations between the observed variables and common factors, 17 = (14, ..., k)’
is a vector of common factors, k<p, and the error term is & = (81, ) Sp) ., E(n) =0,Cov(n) =1,
and Cov(n, &) =0. Cov(e) =diag(W), and ¥ = (l/)l, ...,lpp) refers to the diagonal matrix.'
W is the matrix of error term variances / covariances with the population covariance matrix X of observed
variables. The estimation of the factor model in Eq.(2) is based on the covariance structure below:!¢

T = AA' +diag(P). 3)

Eq.(3) is called common factor decomposition. In factor analysis, A and W for a given X are estimated by
using this decomposition."’

INFLUENCE OF OUTLIERS

Factor analysis utilizes the correlations between a large number of variables to determine the latent factor
constructs in multivariate data. For this purpose, first, the correlation or covariance matrix is calculated.
The use of covariance matrix is usually preferred in practice when the observable variables are measured
on the same scales. The estimations of A and W matrices obtained by using the decomposition in Eq. (3)
are quite good if the dataset fulfills the requirements of factor analysis. Factor analysis is based on the
assumption of normality and uses the location and scale parameter estimations of the distribution. The
presence of outliers in dataset can result in misspecification of the model as well as in biased parameter
estimations and cause the analysis results to be found meaningless.'

The covariance matrix of observed variables, X, is quite sensitive to outliers. As the sample covariance
matrix has 0% breakdown point, even the presence of any bad observation could cause distortion of the
estimation.' In case of presence of an outlier in the dataset, the performance of classical factor analysis
based on ¥ matrix will deteriorate depending on the outliers.”” In such a situation, estimating the covari-
ance matrix of variables with the help of a robust method instead of estimating it with classical methods
allows obtaining robust parameter estimations. In other words, when unknown parameters of A and W
are estimated via decomposition of robust covariance matrix, the structure resistant to uncontrolled inf-
luence of outliers can be obtained.

PLUGGING IN ROBUST SCATTER MATRIX

In this study, as the robust estimator of X matrix, the location and scatter estimators of the MCD method
were used.

In the literature, there are robust estimators used as an alternative to MCD. Some of these are the mini-
mum volume ellipsoid (MVE) estimators of Rousseeuw, the translated-biweights (TBS) estimator derived
by Rocke (1996), the orthogonal Gnanadesikan—Kettenring (OGK) estimator suggested by Maronna and
Zamar (2002), the median ball algorithm (MBA) proposed by Olive (2004), the mimimum generalized
variance (MGV) and projection methods.?>*® Wilcox (2008) compared some of the methods (OGK, TBS,
MGV and MBA), and stated that no single method was always best.? He found that the MGV and proje-
ction methods performed relatively well when the number of variables is not too large (meaning that p<
9) and that these two methods break down with p > 9 variables. Zygmont and Smith (2014) specified that
MVE method works well if the number of variables is less than 10.* Because there are many robust esti-
mators and none of these methods is always best, researchers are forced to choose among these methods.
In view of size and structure of the data, the MCD method among robust estimators has been preferred
in this study.

The purpose of the MCD method is to obtain the subset including A observations (out of n) which will
minimize the covariance matrix’s determinant. The mean calculated via h observations will form the
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location estimation of MCD, and the covariance matrix obtained via the same observations will form the
scatter estimation of MCD. However, to run this procedure, how to choose the initial subset C; including
h observation has to be decided.

CHOOSING THE INITIAL SUBSET FOR THE MCD

In order to determine the initial subset C;, Rousseeuw and Van Driessen (1999) considered the two situ-
ations below:?’

1- Drawing a random h-subset C; .

2- Drawing a random (p+1)-subset (. Since the lowest number of elements that a non-singular covari-
ance matrix should have is p+1, the researchers suggested starting with a random subset of this size and
adding elements until obtaining A elements.

In MCD method, after choosing the initial subset, it is necessary to determine the subset that will minimi-
ze the determinant of covariance matrix. On the other hand, it is quite difficult and almost impossible to
find the subset including /s observations that will minimize the covariance matrix’s determinant especially
in cases of a large number of n and p. In order to find a solution to this problem, various alternative algo-
rithms were suggested. One algorithm developed by Hawkins (1994) suggests a steepest descent method
to find a h-subset.” However, in order to speed up this method, the fast MCD method based on exchange
of more than one observation in each step instead of exchange of an observation pair was developed later
by Rousseeuw and Van Driessen (1999).%

ALGORITM OF FAST MCD

The basis of the fast MCD depends on the (-Step. Let {X;, X5, ..., X;,} be arandom data set of p-variate ob-
servations. The method starts with the selection of |C;| = h from C; ©{1,2, ..., n}. The h value is con-
sidered to be made up of a minimum number of observations which do not include any outliers. The mean
(Xc,:= (1/h) Yiec, X;) and the covariance matrix (S¢, == (1/h) Xiec, (x; — X¢,) (x; — 7Cl),) are
calculated based on C;subset. Inaddition, the distances between the observation values for eachielementand

the mean Cl subset ( DC1 (xl-, fcl) = DC1 (L) = \/((xl- — fcl)’Sgll(xi — fcl)) fori = 1, ...,Tl)

are calculated. Following this, these distances are ordered ( (Dcl)l:n = (Dcl)z:n s =
(Dcl)n:n)- The observations that the lowest A number of these ordered distances ({DCl (i);i €
C,} = {(Dcl)l:n < <Z (D(;l)h:n}) belong to are assigned to the C, subset. Based on the new C,
subset, the mean, covariance matrix and distances are calculated. Then det(S Cz) is less than or equal to
det(SCl) if and only ifX;, = X, and S;, = S¢, .7

1
Rousseeuw and Driessen (1999) refer to the process above as a (C-step and define that “C stan-
ds for ‘concentration’ because the method concentrates on the h observations with smallest distances,
and (Scz) is more concentrated than (S 01)'27 Repeating (-steps yields an iteration process. If det

(SCZ) =0or det(SCZ) = det(Scl),the process is stopped; otherwise, another (C-step yielding det

:(S' Cs) continues”. In other words, the process above is repeated until h observation that makes the dis-
tances smallest remains unchanged. In this way, the location and scale estimations calculated via the
subset provide fast MCD estimations.

The fast MCD estimations obtained with this method are not much likely to be influenced by outliers.
Therefore, distances based on MCD that is a robust estimator are highly likely to determine outliers. For
outliers, these distance values will be bigger than other observations.”

Robust factor analysis conducted with the use of covariance matrix, which is less sensitive to outliers and
which is based on fast MCD method, provides estimations fitting most of the data with a higher variance
explained. Furthermore, the analysis gives factors including more conceptually meaningful variables.
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DATA COLLECTION AND PARTICIPANTS

An e-mail survey was administered to a sample of university students who are members of AISEC and
AEGEE student platforms in order to obtain the data regarding environmental sensitivity. AIESEC, which
has 70,000 active members and spans 126 countries, is a global platform for young people and a non-po-
litical, independent and not-for-profit organization. AEGEE, which brings 13000 students from 40 diffe-
rent countries, is one of Europe’s biggest interdisciplinary student organizations. Like AISEC, AEGEE is
another non-governmental, politically independent non-profit organization. For a population of 83,000
students in these organizations, considering the probable number of questionnaire forms which might
not have been returned, the questionnaire forms were sent to 650 randomly selected international uni-
versity students from two global platforms (AISEC and AEGEE) through e-mail. A total of 541 students
responded to our invitations and filled in the form. However, after the questionnaire forms which were
not completed or filled out correctly were excluded, the analyses were conducted on the data collected
from 505 participants.

In the study, the purpose was to compare the results of robust factor analysis and classical factor analysis
via a real dataset. For this purpose, the questionnaire form was made up of 5-point Likert-type 24 items
prepared in line with the scales reported in studies conducted by Cabuk and Karacaoglu (2003) and Ye-
silyurt et al. (2013).%%* The items included in the questionnaire scored as 1-20 (Strongly disagree), 21-40
(Disagree), 41-60 (Neutral), 61-80 (Agree), and 81-100 (Strongly agree). The items in questionnaire form
were presented in Appendix.

EVALUATION OF THE APPROPRIATENESS OF THE DATA TO FACTOR ANALYSIS

A sample size for factor analysis should be at least 5:1 case-to-variable ratio, but the more admissible ra-
tio is 10:1. Some researchers state that the sample size can be at least 20 cases for each variable.*® Sample
size in this study satisfied 20:1 case-to-variable ratio. In addition, several calculations were carried out to
determine the appropriateness of the data set to factor analysis. First, according to Barlett’s Test of Spheri-
city, the results indicate that the cross-correlations among the variables was found statistically significant
to conduct factor analysis (p=0.0001<x=0.05). In addition, the Kaiser-Meyer-Olkin measure of sampling
adequacy was examined and obtained to be 0.833. Depending on the results of both tests, the dataset was
found appropriate to factor analysis.?!® Moreover, the normality of the data set was examined, and they
were found to be distributed non-normally (Generalized Shapiro-Wilk’s W = 0.97845, p-value = 2.2x1076).

EXAMINING THE OUTLIERS IN THE DATASET

One of the necessities of robust analysis is to identify the outliers. For this purpose, the plot of the robust
distances (RD) against the Mahalanobis distances (MD) is drawn.

My Distance-Distance Plot

Robust distance

Mahalanabis distance

FIGURE 1: Distance of outliers.

91



Ozlem ALPU et al. Turkiye Klinikleri ] Biostat 2018;10(2):87-95

It is possible to determine the outliers via the plot presented in Figure 1. If the data set is not contamina-
ted, both robust and Mahalanobis distances give the same results, and all the points are found near the das-
hed line. The vertical and horizontal lines cut by the threshold value |y, ., ~ 6.27408 divides the plot into
four parts. The first part (M D (x;)<6.27408 and RD (x;)<6.27408) includes good observations that are
not marked as outliers by both distances in the dataset. The second part (M D (x;)>6.27408 and RD (x;)
<6.27408 shows the observations determined mistakenly as outliers by the classical method; however,
in the plot, there is no observation in this part. The third part (M D (x;)>6.27408 and RD (x;)>6.27408)
includes observations identified as outliers. The fourth part (M D (x;)<6.27408 and RD (x;)>6.27408 inc-
ludes the masked outliers; in other words, this part includes the observations which are not determined
as outliers by Mahalanobis distance but which are identified as outliers by robust distance.'® According to
the plot, it is seen that there are a number of outliers in the dataset.

The two most common methods used to determine the number of factors are the Scree Test and the Kai-
ser’s little jiffy, in which the eigenvalues higher than 1 are selected. However, these two methods are not
considered to be reliable since they overestimate or underestimate the number of factors.?** Furthermore,

Cattel (1966) regards scree test as a subjective method and states that its reliability is low.*¢%

As an alternative to these two methods to determine the number of factors, Horn (1965) suggested parallel
analysis.® In this study, the parallel analysis was used to determine the number of factors and six factors
were obtained.

Considering the method of parallel analysis used to determine the number of factors, the robust factor
analysis results were obtained by using the fast MCD estimators after the presence of outliers was determi-
ned. In addition, in both classical and robust factor analyses, the principal component analysis was used as
the factor extraction method. Table 1 presents the factor loadings with varimax rotation, the communality
and the total variance explained with the contribution of each factor for both analyses.

As the results of classical factor analysis were influenced considerably by outliers, related interpretations
will be based only on robust factor analysis.

I RESULT AND DISCUSSION

According to Table 1, the first six factors explained 64.6% of the total variance in classical factor analysis,
while it explained 68.3% of the total variance in robust factor analysis.

In robust factor analysis, the variables contributing to the explanation of the first factor were X1-X5. This
factor was called “environmental conservation”. The variables contributing to the explanation of the se-
cond factor were X6-X9, and the factor was called “environmental product use”. The third factor included
the variables of X10-X12, and this factor was called “recycling”. The name of the fourth factor that the
variables of X13-X18 contributed to most was determined as “reduce/reuse”. The variables contributing to
the explanation of the fifth factor were X19-X21, and this factor was called “environmental response”. As
for the last factor, it was made up of the variables of X22-X24, and this factor was named “environmental
education”. When the gathering of the variables in the factors was examined, it was seen that the variables
in robust factor analysis were gathered in a more conceptually meaningful manner when compared to the
classical factor analysis.

I CONCLUSION

Classical factor analysis is quite sensitive to outliers. This problem can be overcome by using robust esti-
mators. The present study compared the results of classical and robust factor analyses to reveal the effects
of outliers on classical factor analysis via a real dataset. Robust factor analysis based on fast MCD estima-
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TABLE 1: Results of classical and robust factor analyses

Classical factor analysis Robust factor analysis
Variables Factor loadings g:Iri'tliZl:- Factor loadings :eri:li?:-
F1 F2 F3 F4 F5 F6 h”2 F1 F2 F3 F4 F5 F6 hA2
X1 0.865 0.689 0.867 0.638
X2 0.828 0.670 0.862 0.628
X3 0.852 0.904 0.817 0.919
X4 0.621 0.908 0.696 0.912
X5 0.477 0.429 0.636 0.525
X6 0.914 0.935 0.908 0.922
X7 0.906 0.686 0.903 0.731
X8 0.894 0.530 0.899 0.575
X9 0.487 0.939 0.526 0.941
X10 0.937 0.910 0.945 0.904
X1 0.916 0.418 0.926 0.421
X12 0.918 0.905 0.924 0.928
X13 0.559 0.705 0.661 0.767
X14 0.405 0.638 0.619 0.59
X15 0.612 0.460 0.604 0.449
X16 0.625 0.344 0.550 0.451
X17 0.626 0.350 0.548 0.500
X18 0.523 0.500 0.496 0.576
X19 0.817 0.486 0.858 0.394
X20 0.749 0.356 0.725 0.668
X21 0.750 0.782 0.663 0.825
X22 0.496 0.746 0.712 0.792
X23 0.733 0.757 0.692 0.737
X24 0.743 0.429 0.650 0.502
F1 F2 F3 F4 F5 F6 F1 F2 F3 F4 F5 F6
Eigenvalue | 3.067 | 3.042 | 2.828 | 2.735 | 2.281 | 1.524 3.495 | 3.353 | 3.031 2.715 1.938 1.844
Prop. Var. | 0.128 | 0.127 | 0.118 | 0.114 | 0.095 | 0.064 0.146 | 0.140 | 0.126 | 0.113 | 0.081 0.077
Cumul.Var. | 0.128 | 0.255 | 0.373 | 0.487 | 0.582 | 0.646 0.146 | 0.286 | 0.412 | 0525 | 0.606 | 0.683

Prop.Var.: Proportional Variance; Cumul.Var.:Cumulative Variance

tors and classical factor analysis based on sample mean and covariance matrix were applied to the data
regarding the environmental sensitivity of university students who were members of AISEC and AEGEE
student platforms. When the results were compared with respect to each factor’s proportion of explaining
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the total variance, it was seen that the proportion of variance explained by robust factor analysis was hig-
her than classical factor analysis with 3.7%.

In addition, the presence of outliers in the study changed the relative importance of the factors. Moreover,
the variables contributing to the explanation of some factors in robust factor analysis changed in classi-
cal factor analysis; in other words, variables X9, X14 and X22 had a different position in classical factor
analysis.

In factor analysis, a factor including fewer than three variables is not desirable.**! In classical factor
analysis, the factor F6 consisted of two variables. On the other hand, all the factors in robust factor analy-
sis were made up of at least three variables.

Consequently, the robust factor analysis aims at determining a factor structure which will not bias the
parameter estimations and which fits most of the data by reducing the effect of outliers. In this study, use
of robust factor analysis was suggested for the related dataset because of the variables gathered in a more
conceptually meaningful manner and a higher rate of variance explained.
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