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A Study on Determination of the Growth Models Using
COVID-19 Cases Between March 17 and July 12 2020 in

Turkey: Cross-sectional Study

Tirkiye’de 17 Mart ile 12 Temmuz 2020 Arasinda COVID-19 Vakalari
Kullanilarak Biiyiime Modellerinin Belirlenmesi Uzerine Bir Calisma:

Kesitsel Calisma
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“Department of Statistics, Ankara University Faculty of Sciences, Ankara, TURKEY

ABSTRACT Objective: We use the most frequently used growth
functions in the literature for estimating Turkey’s cumulative number of
confirmed coronavirus disease-2019 (COVID-19) cases. We analyze
Brody, Bertalanfty, Logistic, Generalized Logistic, Gompertz, Richards,
Negative Exponential, Stevens, and Tanaka models for determining the
appropriate model. Material and Methods: The number of cases of
COVID-19 in Turkey between March 17, 2020 and July 12, 2020 were
included in the study. The data used in the study were obtained from
Johns Hopkins University. We used the most frequently used Non-lin-
ear growth models in the literature for estimating Turkey’s cumulative
number of confirmed COVID-19 cases. Matlab software was used to
estimate the parameters in the models studied. non-linear least squares
regression function is used in Matlab software. Results: According to
the estimation results, the best fitting model is the Richards model in
terms of both the mean squared error and R? (coefficient of determina-
tion). Conclusion: We recommend to use the Richards model in mod-
eling the cumulative COVID-19 cases. For estimating the future cases,
it will be appropriate to use the Richards model. In addition, estimates
of the number of daily cases obtained from the Richards model are not
compatible with the actual number of daily cases. This may occur be-
cause estimations on these growth models can sometimes lead to erro-
neous results.

Keywords: Turkey; COVID-19; pandemic;
growth function

OZET Amag: Tiirkiye'nin teyit edilmis koronaviriis hastaligi-2019 [co-
ronavirus disease-2019 (COVID-19)] vakalarmin kiimiilatif sayisini
tahmin etmek amaciyla literatiirde en sik kullanilan biiyiime fonksi-
yonlar1 g6z oniinde bulundurulmustur. Bu ¢aligmada, literatiirde mev-
cut olan toplam 9 model arastirilmistir. Bu modeler; Brody, Bertalanffy,
Lojistik, Genellestirilmis Lojistik, Gompertz, Richards, Negatif Ustel,
Stevens ve Tanaka'dir. Bu modellerden hangisinin daha iyi oldugu tes-
pit edilmeye calisilmistir. Gere¢ ve Yontemler: Tirkiye'de 17 Mart
2020 ve 12 Temmuz 2020 tarihleri arasinda ortaya ¢ikan COVID-19
vaka sayilari ¢alismaya dahil edilmistir. Calismada kullanilan veriler
Johns Hopkins Universitesinden almmustir. Literatiirde ¢ok sik kulla-
nilan lineer olmayan biiyiime modellerinden bazilari ele alinmis ve
hangi modelin Tiirkiye COVID-19 verilerine daha iyi uyum sagladig:
arastirilmistir. Ele alinan modellerdeki parametreleri tahmin etmek i¢in
Matlab yazilimi kullanilmistir. Matlab yaziliminda dogrusal olmayan en
kiigiik kareler regresyonu fonksiyonu kullanilmistir. Bulgular: Calis-
madaki tahmin sonucunda, toplam vaka sayilarint modellemede en iyi
analizin Richards modeli tarafindan, hem ortalama hata karesi hem de
R? (belirleme katsayisi) agisindan yapildigi gorillmistiir. Sonug: Ric-
hard modelinin kiimiilatif COVID-19 vaka sayisini modellemede kul-
lanilmas tavsiye edilmektedir. Gelecek siirecin tahmininde, Richard
modeli kullanilarak tahminlerin yapilmasinin uygun olacagi diistiniil-
mektedir. Bununla birlikte, Richard modelinden elde edilen giinliik
vaka sayis1 tahminleri gercek giinliik vaka sayistyla uyumlu degildir.
Bu biiyiime modelleri iizerinde tahmin yapmanin bazen hatali sonuglara
yol agabilecegi diisiiniilmektedir.

Anahtar Kelimeler: Tiirkiye; COVID-19; pandemic;
biiyiime fonksiyonu

In December 2019, a new coronavirus disease
characterized as a viral infection with a high level of
transmission emerged in Wuhan, China. Coronavirus

disease-2019 (COVID-19) is caused by the virus
known as severe acute respiratory syndrome-coron-
avirus-2 established by the International Committee
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on Taxonomy of Viruses.!* Gompertz and Logistic
models have been used in China, South Korea, Italy
and Singapore by Jia et al. and Castorina et al. Roosa
et al. have used Generalized Logistic Growth Model
(GLM) for the data between February 5 and February
24,2020 for China.*® Roosa et al. have used the GLM
and Richard model for the data between February 13
and February 20, 2020 for China.” Munayco et al.
have used the Generalized Growth Model for the
dates February 29 and March 30, 2020 for Peru.®
Gompertz, logistic and artificial neural network mod-
els were applied to carry out the modeling of the
number of cases of COVID-19.° Zuzana et al. used
the model trajectory of the number of infections for
the USA by the Gompertz curve.!® Cata et al. em-
ployed the Gompertz function to analyze the dynam-
ics.!! Petropoulos et al. used time series methods.'?

The term “growth” is used to describe various bi-
ological phenomena. Growth of populations involves
the reproduction of animals; growth of bodies involves
increase in the number of cells or growth in the size of
cells; growth of cells involves molecular replication.
In a more broad sense, growth indicates a development
in mass due to an increase in size and number of living
things. The growth of organic structures is distinct from
the growth of crystal structures in inorganic substances.
Growth in organic structures, or more precisely living
things, is the result of an increase in the height and
weight of a single organism, a tissue or an organ due to
a combination of biological and biochemical events, or
it is the result of an increase in the number of members
in a population formed by organisms.

Among the notable methods in modelling stud-
ies made on COVID-19, growth curves are primary.
It is observed that the growth curves are commonly
used for modelling the progress of the virus since it is
the field of study for microbiologists. Growth curves
are used for modelling the increase in the number of
plants, bacteria or viruses in an environment. Ex-
pressing the growth of an organism or the increase in
the number of viruses temporally is called “growth”.
Identification of the complex growth process is aimed
using the growth curves. There are different models
for the growth curves.

The Gompertz model is well known and widely
used in many sub-fields of biology. Researchers have
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adapted the Gompertz model to various fields such
as plant growth, bird growth, fish growth, and growth
of other animals, as well as tumour growth and bac-
terial growth, !>

The Gompertz is a special case among the four-
parameter Richards model, and thus belongs to the
Richards family of three-parameter sigmoidal growth
models, along with familiar models such as the nega-
tive exponential (including the Brody), the logistic, and
the von Bertalanfty (or only Bertalanffy). Numerous
parametrisations and re-parametrisations of the Gom-

pertz model may be found in the literature.'>?’

This study emphasizes the growth models to es-
timate of the COVID-19 in Turkey. We consider most
frequently used growth functions. These 9 models are
Brody, Bertalanffy, Logistic, Generalized Logistic,
Gompertz, Richards, Negative Exponential, Stevens,
and Tanaka. However, as far as is known, there is no
published article for Turkey that uses all of these
models and determines which one fits better. The data
used in the study is taken from Johns Hopkins Uni-
versity.?

I MATERIAL AND METHODS

This research is managed in accordance with the
tenets of Helsinki Declaration. Ethics committee ap-
proval is not required for this study.

Names of the used models and their mathemati-
cal equations are given in Table 1.** In all the models,,
is the logarithmic cumulative cases which are en-
countered until ¢ day. a, B, k, m are the parameters to
be estimated and o represents asymptotic (final) value
of y(¢), B is the change in y(z) when ¢ passes from 0 to
infinity and k represents the factor by which the de-
viation of y(z) from its asymptotic value is reduced
every time, is widely used to represent the growth of
an organism when it is approaching the maturity. € is
the error term.

A non-linear model may be written as Eq.1

yW=f(t, o, B, k, m)+g; )

Here, y(?) is the logarithmic cumulative cases
and a, B, k, m are the parameters to be estimated in the
model. ¢ is the error term. Estimators of a, 8, k, m pa-
rameters are found by minimizing the Mean Squares
Error (MSE), which is given by Eq.2
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7 Z O/(Uf(t' o, B’ k, m))z (2)
=1

where, n is the observation number. Since y(?) values
are known during 7=1,2..., n times, the value which
sets this function to minimum will depend on pa-
rameters. In order to estimate a, 3, k, m parameters,
derivative is calculated with regard to a, B, k, m pa-
rameters in Eq. 2 and equaled to zero; and estimation

of a, B, k, m parameters are found.

Bilgin et al. gave partial derivatives of some of
these models and more detailed information. These
estimators are called Least Squares Estimators
(LSE).”

Matlab software is used for estimating the pa-
rameters in the models. The parameters were esti-
mated using the nlinfit (non-linear least-squares
regression) function in the matlab software. This
function estimates the coefficients of a nonlinear re-
gression function, using LSE.

I RESULTS

In this study, MSE and R?statistics are used for mak-
ing comparison between the models to determine
which one is better. MSE and R?statistics for all mod-
els are given in Table 2. The values of the parameters
estimated are shown in Table 3. As seen in Table 2, R?
values are very close to each other. Nevertheless, it
may be stated that Richards model are the most con-
sistent in terms of both R?and MSE. The best analy-
sis has been made by Richards model is terms of both
R?and MSE. Actual values and estimated values
using the Richard model is given in Figure 1. As a re-
sult of estimation with the data between March 17
and July 12, 2020, the best analysis for modelling the
total case counts is made by Richards model in terms
of both MSE and R?. It has been determined that the
use of this model is appropriate.

Actual cumulative cases and estimations which
have been made using the Richards model are given
in Figure 1. The number of daily cases can be easily
calculated with i;= e”-e"/ to show the total number
of cases up to y, t days. Since we have the estimates
of y,, we can easily find the estimations of i, with
¢’, ;. Daily cases and estimations are given in
Figure 2. It should be noted that, as can be seen from

it:eﬁl-
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TABLE 1: Non-linear models and their mathematical notations.?

Model name Statistical model
Brody y(to,B.k)=a(1-Bexp(-kt))+e
Bertalanffy y(t;o,B,k,m)=(a"""-Bexp(—kt))"-M+e
Logistic y(t;o, Bk)=a/(1+Bexp(-kt))+e
Generalized logistic y(t;B,k,m)=a/((1+Bexp(-kmt)'m)+e
Richards y(tok,m)= o 1—exp(-kt))"m+e
Negative exponential  y(t;ak)=a(1-exp(-kt))+e

(

(t

Stevens y(t; o,B,p)=a—PB(k)+e
Tanaka y(t:o, B.k,m)=(1NB)In|2B.(t-m)+2N(K(t-m)?+ap) |+&
Gompertz Y(t)=a exp(-B exp(-kt))+e

TABLE 2: Mean squares error and R? values regarding

the models.
Model name MSE R?
Brody 0.0084 0.9953
Bertalanffy 0.0084 0.9953
Logistic 0.0277 0.9651
Generalized logistic 0.0170 0.9815
Gompertz 0.0167 0.9817
Richards 0.0061 0.9999
Negative exponential 0.3358 0.5221
Stevens 0.0084 0.9953
Tanaka 0.1283 0.9997
MSE: Mean squares error.
TABLE 3: Estimated model parameters.
Model o B k m
Bordy 12.09 0.63 0.07
Bertalanffy 12.09 7.71 0.93 0.30
Logistic 12.03 1.33 0.10
Gen. logistic 12.05 0.009 8.46 0.01
Gompertz 12.05 0.91 0.08
Richards 1213 -0.86 0.05 -1.72
Negative exp. 11.87 0.12
Stevens 12.09 7.7 0.93
Tanaka -842.48 0.69 271711 176

Figure 2, the actual daily cases and the daily cases es-
timate obtained from the Richards model are not
compatible.

Actual cumulative cases and estimations and es-
timated error which have been made using the all
other models are given in Figure 3,4, 5,6, 7, 8, 9, 10.
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Daily Cases and Estimated
6000
e Original data
Richards model
5000 °
o0 o o
..
4000 - ., 1
L]
3000 - 'S * o
o? -
[ o b
20000 °° " ®
o L
%% % ~...0 S
. s e e e
1000 e
L]
4
0 Lt
0 20 40 60 80 100 120
March 17 2020 - July 12 2020

FIGURE 2: Daily cases, actual and estimated values.

I DISCUSSION

In this work, we applied nine growth models to es-
timate the COVID-19 cases. The results of the mod-
eling show a good fit between the estimated and the
observed data on total confirmed cases. The nine
non-linear growth models have been explored using
the total COVID-19 case counts between March 17-
July 12, 2020 in Turkey. These models are Brody,
Bertalanffy, Logistic, Generalized Logistic, Gom-
pertz, Richards, Negative Exponential, Stevens, and
Tanaka. It may be stated that Richards model is the
most consistent in terms of both R? and MSE. As a
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FIGURE 3: Cumulative cases and estimated values and estimated error.
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FIGURE 4: Cumulative cases and estimated values and estimated error.

result of estimation with the data between March 17
and July 12, 2020, the best fitting results for mod-
elling the total case counts belong to Richards
model in terms of both MSE and R2. Tt is proposed
that the use of this model is appropriate. Among the
studies made on COVID-19 pandemic, modelling
the disease progress is remarked primarily. Model-
ling the disease progress is substantial for the pre-
cautions which will be taken by countries,
interventions, and administations of treatments. In
estimation of the forthcoming process, it will be ap-
propriate to make estimations using Richards model.
It should be noted that, the actual daily cases and
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FIGURE 5: Cumulative cases and estimated values and estimated error.
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FIGURE 6: Cumulative cases and estimated values and estimated error.

the daily case estimate obtained from the Richards
model are not compatible. Forecasting on these
growth models can sometimes lead to erroneous re-
sults.

In other previous studies that we have cited
above on this subject, not all models in this study
have been addressed. Only a few of the models we
have considered have been studied. The estimation
results obtained from the models differ greatly from
data to data. Therefore, the data of each country re-
veals its own parameter estimation. Due to this diffi-
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FIGURE 7: Cumulative cases and estimated values and estimated error.
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FIGURE 8: Cumulative cases and estimated values and estimated error.

culty, the parameters were not compared. It can be
treated as a subject of a separate study.

I CONCLUSION

It is recommended to use the Richards model in mod-
eling the cumulative COVID-19 case counts. In esti-
mating the future process, it will be appropriate to
make estimations using the Richards model. In addi-
tion, estimates of the number of daily cases obtained
from the Richards model are not compatible with the
actual number of daily cases. This may occur because
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FIGURE 9: Cumulative cases and estimated values and estimated error.

estimations on these growth models can sometimes
lead to erroneous results.

We think that it will be more beneficial and re-
alistic if the model’s parameter estimations are eval-
uated by the expert health authorities dealing with
COVID-19. The expert health authorities can decide
how to use these results in an appropriate way. In this
study, we analyzed the growth models that are widely
used in the literature and try to determine the most fit-
ting growth model for COVID-19 data.

Other studies in the literature have not covered
all the models in our article. The estimation results of
the growth models vary due to the data set. There-
fore, the data of each country reveals its own param-
eter estimation. Due to this problem, the parameters
are not compared. This situation can be a subject of
another study. The aim of this study is to examine the
models related with COVID-19 data. In further stud-
ies, co-studying with the researchers dealing with
various sub-fields of COVID-19 is planned to recog-
nize and analyze the COVID-19 process on more spe-
cific and general issues.

325

x 10° Turkey: Cumulative Number of Cases and Estimated
4
3
> .
1 e Original data
Tanaka model
0
0 20 40 60 80 100 120
March 17 - July 12 2020
x 10°  Turkey: Cumulative Number of Cases and Estimated Error
0
=B,
-10
-15
20 40 60 80 100 120
March 17 - July 12 2020

FIGURE 10: Cumulative cases and estimated values and estimated error.
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