
On Imputing Binary Data via
Pairwise Associations and

Corresponding Conditional Probabilities

AABBSS  TTRRAACCTT  OObbjjeeccttiivvee::  In this work, we present a method for imputing binary data without making any multin-
omial or loglinear model assumptions. MMaatteerriiaall  aanndd  MMeetthhooddss::  Our approach employs principles of generating bi-
nary data from multivariate normally distributed values, as discussed in Emrich and Piedmonte. Specifically, a data
set that follows a multivariate normal distribution is generated separately from observed data, using marginal bi-
nary proportions, and a matrix associated with pairwise tetrachoric correlations derived from phi coefficients.  The
same fraction of missing information is introduced in the generated data as in the original multivariate binary data,
multiple imputation is then applied to the generated values via joint modeling under the normality assumption,
and imputed values are dichotomized by quantiles corresponding to the binary proportions that are computed
based on the original incomplete data. RReessuullttss::  Application of our imputation method to generated data in simu-
lation studies and to real data examples led to promising results, as indicated by average estimates (AE) of pair-
wise correlation parameters comparable to the true correlation values associated with generated data and to the
original correlation estimates involving real data, standardized bias (SB) values < 50%, small RMSE values asso-
ciated with good accuracy and precision, coverage rates (CR) > 90%, and average widths (AW) of confidence in-
tervals for correlation parameter estimates from the imputed data comparable to 95% confidence interval widths
of true correlation values associated with generated data or original correlation estimates involving real data.
CCoonncclluussiioonn::  Simulation studies and real data applications indicate that this new method is a promising approach
in imputing binary data while relaxing multinomial and loglinear model assumptions.

KKeeyy  WWoorrddss::  Missing data; multiple imputation; multivariate normal distribution; binary data

ÖÖZZEETT  AAmmaaçç::  Bu çalışmada, iki sonuçlu değişkenler için multinomial ya da logaritmik doğrusal model varsayımları
olmadan geliştirilen bir değer atama yöntemi tanıtılacaktır. Burada kullanılan yaklaşım, Emrich ve Piedmonte
tarafından önerilen, çok değişkenli normal dağılım gösteren verileri kullanarak iki sonuçlu çok değişkenli veri
türetme prensibine dayanmaktadır. GGeerreeçç  vvee  YYöönntteemmlleerr::  Gözlenen iki sonuçlu verilerden hesaplanan marjinal
oranları ve iki sonuçlu değişkenler arası korelasyonları gösteren phi katsayılarından bulunan tetrakorik
korelasyonları kullanılarak çok değişkenli normal dağılım gösteren bir veri seti türetilir. Türetilen veri setinden,
gerçek veride gözlenen kayıp oranı kadar veri silinir ve çok değişkenli normal dağılıma dayalı bileşik modelleme
yaklaşımı ile değer ataması yapılır. Sonra eksik veriler yerine atanan değerler, gerçek veriden hesaplanan oranlara
karşılık gelen yüzdeliklere (kuantillere) göre iki sonuçlu hale dönüştürülür. BBuullgguullaarr::  Değer atama sonrasında
bulunan ortalama korelasyon kestirimleri, benzetim çalışmasında belirlenen gerçek değerler ve gerçek veri setindeki
kestirimler ile benzer bulunmuştur. Standardize yanlılık değerleri %50’nin altında, doğruluk ve kesinliğin yüksek
olduğuna işaret eden hata kareleri ortalaması karekökü küçük, kapsama alanları da %90’ın üzerinde bulunmuştur.
Değer atama sonucu bulunan güven sınırlarının ortalama genişlikleri, benzetim çalışmasından ya da gerçek veri
uygulamasından elde edilen korelasyon parametre kestirimlerine ilişkin %95 güven sınırlarına benzer bulunmuştur.
Yapılan benzetim çalışmaları ve gerçek veri seti uygulaması sonucunda elde edilen bulgular ışığında, önerilen değer
atama yönteminin umut verici olduğu söylenebilir. SSoonnuuçç:: Yapılan benzetim çalışmaları ve gerçek veri uygulaması,
geliştirilen bu yeni yöntemin iki sonuçlu çok değişkenli veriler için multinomial ya da logaritmik doğrusal model
varsayımları olmadan yapılan iyi bir değer atama yaklaşımı olduğunu göstermektedir. 

AAnnaahh  ttaarr  KKee  llii  mmee  lleerr:: Kayıp veri; çoklu değer atama; çok değişkenli normal dağılım; iki sonuçlu veri
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ORİJİNAL ARAŞTIRMA   

his work fo cu ses on ap pro ach for im pu ting bi nary da ta wit ho ut ma -
king any as sump ti ons as so ci a ted with the mul ti no mi al or log li ne ar
mo dels con ven ti o nally used in im pu ting ca te go ri cal da ta. Our met -

hod in vol ves map ping bi nary da ta to nor mally dis tri bu ted va lu es, using
prin cip les des cri bed in Em rich and Pi ed mon te,1 im pu ting the da ta vi a jo int
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mo de ling un der the nor ma lity as sump ti on, and
back-trans for ming the im pu ted va lu es to bi nary
da ta using qu an ti les ba sed on mar gi nal pro por ti ons.
We re com mend this ap pro ach for mul tip le im pu -
ta ti on of bi nary da ta in sce na ri os whe re mul ti no -
mi al and log li ne ar as sump ti ons are sus pec ted to be
vi o la ted and the re fo re sho uld be re la xed.

Be fo re dis cus sing the im pu ta ti on met hods, we
bri efly in tro du ce the mec ha nisms un der which da -
ta can be mis sing as well as se ve ral dif fe rent mis s-
ing da ta pat terns. The pro ba bi lity of mis sing ness is
in de pen dent of the ob ser ved and mis sing da ta un -
der the Mis sing Comp le tely at Ran dom (MCAR)
mec ha nism, only de pends on the ob ser ved da ta un -
der the Mis sing at Ran dom (MAR) mec ha nism, and
de pends on the mis sing da ta and/or ob ser ved da ta
un der the Mis sing Not at Ran dom (MNAR) mec h-
a nism.2,3 Furt her mo re, mis sing da ta can in vol ve
pat terns such as uni va ri a te, mo no to ne, and ar bit -
rary pat terns. As su me that we ha ve a da ta set with
K va ri ab les. Then, in the uni va ri a te pat tern, one va -
ri ab le has mis sing en tri es, whi le the ot her K – 1 va -
ri ab les are comp le tely ob ser ved. In the mo no to ne
pat tern, the (k+1)th to the Kth va ri ab le ha ve the sa me
amo unt of mis sing in for ma ti on as the kth va ri ab le
plus an ad di ti o nal amo unt for k = 1,…,K. Lastly, for
the ar bit rary pat tern, mis sing ness can oc cur any-
whe re in any of the K va ri ab les.4

MATERIAL AND METHODS

IM PU TING BINARY DA TA VI A MUL TI NO MIAL AND
LOG LI NE AR MO DELS

Scha fer5 dis cus ses a jo int mo de ling ap pro ach for
im pu ting bi nary or ca te go ri cal da ta which emp loys
the EM (Ex pec ta ti on-Ma xi mi za ti on), as so ci a ted
with ta king the ex pec ta ti on of a comp le te and suf-
fi ci ent sta tis tics, T, and ma xi mi zing this ex pec ta ti -
on, and DA (Da ta Aug men ta ti on) al go rithms, in
com bi na ti on with the sa tu ra ted mul ti no mi al mo -
del. The DA al go rithm is com pri sed of the I-step,
whe re va lu es are drawn from a dis tri bu ti on con di -
ti o nal on the ob ser ved da ta and mo del pa ra me ters,
and the P-step, whe re pa ra me ters are up da ted
using a pos te ri or dis tri bu ti on con di ti o nal on the
ob ser ved and im pu ted da ta, as shown in (1) and (2),

whe re                      cor res pond  to  mis sing  and 
ob ser ved da ta, res pec ti vely, and θ = {θ1,  θ2, . ..,
θD} is the pa ra me ter vec tor in vol ved with the sa tu-
ra ted mul ti no mi al mo del.

(1)

(2)

whe re          in (2) are the im pu ted da ta ob ta i ned
vi a (1). The sa tu ra ted mul ti no mi al mo del is ba sed on
a con tin gency tab le with cells de no ted by subs cript
d=1,2,...D. The con tin gency tab le rep re sents the dis-
tinct num ber of pos sib le com bi na ti ons of le vels
among the va ri ab les con si de red. For examp le, with
thre e bi nary va ri ab les, the con tin gency tab le wo uld
ha ve D = 23 = 8 cells. xd x = {x1,x2,...,xD} is then de-
fi ned as the num ber of en tri es in cell d and θd, θ =
{θ1,  θ2, . ..,  θD} is the pro ba bi lity that an entry is in 

cell d. Furt her mo re whe re  n if  the 

to tal num ber of entries and            .5 The re fo -
re, the dis tri bu ti on func ti on in vol ving the mul ti -
no mi al mo del is:

(3)

When so me terms, for examp le in sig ni fi cant pa ir -
wi se or hig her-or der in te rac ti on terms, can be eli -
mi na ted, a log li ne ar mo del can be emp lo yed and
pa ra me ter es ti ma ti on can be ac hi e ved vi a the ECM
(Ex pec ta ti on-Con di ti o nal Ma xi mi za ti on) and DA -
BIF (Da ta Aug men ta ti on-Ba ye si an Ite ra ti ve Pro-
por ti o nal Fit ting) al go rithms.

GE NE RA TING BI NARY DA TA

To in tro du ce our met hod for im pu ting bi nary da ta,
we first exp la in the ap pro ach gi ven in Em rich and
Pi ed mon te1 to ge ne ra te bi nary da ta using nor mally
dis tri bu ted va lu es. This ap pro ach in vol ves the phi
cor re la ti on (δjk), a spe ci al ca se of the Pe ar son cor-
re la ti on which me a su res the as so ci a ti on bet we en
two bi nary va ri ab les. A cross-ta bu la ti on of two bi-
nary va ri ab les, Y1 and Y2, with cell co unts that ap-
pe ar in equ a ti on (4) be low, is gi ven in Tab le 1. The
phi co ef fi ci ent, a de ri va ti ve of the Pe ar son cor re -
la ti on,6 can be cal cu la ted by:

(4)
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whe re phi can ran ge from:

(5)

This ran ge en su res that all jo int mass dis tri bu -
ti on va lu es are non ne ga ti ve for all out co mes. We
can then ob ta in the tet rac ho ric cor re la ti on ρjk using:

(6)

1,7 whe re Φ is the cu mu la ti ve dis tri bu ti on func ti on
for a stan dard bi va ri a te nor mal dis tri bu ti on.  The
tet rac ho ric cor re la ti on, a form of the Pe ar son cor-
re la ti on me a su ring the as so ci a ti on bet we en nor-
mally dis tri bu ted va lu es un der ling the bi nary
va ri ab les, Y1 and Y2, is then used to ge ne ra te a bi-
va ri a te da ta set, Z, from bi va ri a te nor mal dis tri bu -
ti on with me an vec tor (0,0), and 2x2 cor re la ti on
mat rix who se off-di a go nal en tri es are ρ12. Pro ba -
bi li ti es in vol ving Y1 and Y2 per ta i ning to qu an ti les
in the bi va ri a te nor mal da ta in turn al low for the
pre ser va ti on of the sa me pro por ti ons ob ser ved in
the ori gi nal bi nary da ta.  

This ge ne ra ti on met hod can al so be ex ten ded
to mul ti va ri a te da ta as so ci a ted with a mat rix com-
pri sed of pa ir wi se tet rac ho ric cor re la ti ons de ri ved
as in (6), gi ven that the mat rix is po si ti ve se mi-de -
fi ni te.  If the mat rix is not po si ti ve se mi-de fi ni te, a
po si ti ve se mi-de fi ni te clo sest to the de ri ved mat rix
can be used.8

CON NEC TI ON TO THE LU RI E-GOLD BERG AL GO RITHM

Lu ri e and Gold berg9 de ve lo ped an al go rithm for ge -
ne ra ting mul ti va ri a te con ti nu o us da ta as so ci a ted
with spe cif ying mar gi nal dis tri bu ti ons by first ge -
ne ra ting nor mally dis tri bu ted da ta and then app -
lying the in ver se mar gi nal dis tri bu ti on func ti on to

the pro ba bi lity dis tri bu ti on func ti on (PDF) va lu es
of the ge ne ra ted da ta.  They first ge ne ra te a mat rix
XX  ∼ N(0, I) and mul tiply it to the trans po se of the
lo wer tri an gu lar mat rix LL, ob ta i ned vi a Cho lesky
de com po si ti on from the cor re la ti on mat rix, RR, with
the de si red pa ir wi se cor re la ti ons bet we en va ri ab -
les such that:

(7)

They then ob ta in the stan dard nor mal PDF va -
lu e for the en tri es of YY, i.e.:

(8)

and apply the in ver se func ti on of the de si red mar-
gi nal dis tri bu ti on for each va ri ab le Yj in the da ta
set:

(9)

RR’’, the cor re la ti on of the newly ge ne ra ted da ta set
VV, is then com pa red to the ori gi nal cor re la ti on ma-
t rix RR, vi a the RMSE:

(10)

whe re SND is the squ a red norm of the ab so lu te dif-
fe ren ce bet we en RR and RR’’ and k is the the num ber
of va ri ab les in the da ta set.

Con ver gen ce of the al go rithm is de ter mi ned
when the RMSE falls be low so me cons tant c set for
a de si red ac cu racy. For examp le, with a de si red ac-
cu racy of 0.01, the aut hors sug gest set ting c = 0.005.

The ir al go rithm the re fo re only re qu i res in for -
ma ti on on the mar gi nal dis tri bu ti ons of the va ri ab -
les and pa ir wi se cor re la ti ons, but not of the jo int
dis tri bu ti on of the mul ti va ri a te da ta which is of ten
unk nown. In the Lu ri e and Gold berg9 ap pro ach,
the lo wer tri an gu lar mat rix de ri ved vi a Cho lesky
de com po si ti on from the mat rix com pri sed of pa ir -
wi se cor re la ti ons is mul tip li ed to the ge ne ra ted
mul ti va ri a te nor mally dis tri bu ted da ta in or der to
pre ser ve re la ti ons hips among the va ri ab les.  

Thus, the Lu ri e-Gold berg9 al go rithm is si mi lar
to the ge ne ra ti on of bi nary da ta dis cus sed in Em-
rich and Pi ed mon te1 in that both al go rithms in vol -
ve ge ne ra ti on of mul ti va ri a te nor mal da ta and rely
on in for ma ti on con cer ning pa ir wi se cor re la ti ons
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Y1 Y2

0 1
0 n00 n01
1 n10 n11

TABLE 1: Cross-tabulation of Y1 vs. Y2.

V�
�

������������ ���������� �	� #G�CBXC"BC"BY �� ��������������������BVC� � � � �

� � �

B�%�!0-�$�*�4!�*%��&��H���%!�&$��$�*���)$�$'ZC"��-������!��&-��0/%/�$&!5��*!�&�!1/&!���3/�0&!���3���

$��&$�*$�*�1!5$�!$&�����%$��*!�&�!1/&!������-��&�&�$0-��!0�0�����$&!��"�$�3��%��3�&-��4�$�����0�����$&!���

%�$�/�!�)�&-��$���0!$&!���1�&��������%$��'�*!�&�!1/&�*�5$�/���/�*���!�)�&-��1!�$�'�5$�!$1���"�
��$�*�


#"�!��&-���/��*�&��)����$&��$�1!5$�!$&��*$&$���&"��"�3��%�1!5$�!$&�����%$��*!�&�!1/&!����!&-�%�$��5�0&���

BW"WC"�$�*�#D#�0�����$&!���%$&�!D��-�����33,*!$)��$����&�!���$��� �#� ��4��1$1!�!&!���!�5��5!�)�
��$�*�
��

2��&$!�!�)� &�� E/$�&!���� !�� &-�� 1!5$�!$&�� ���%$�� *$&$� !�� &/��� $����� 3��� &-�� 2�����5$&!��� �3� &-�� �$%��

2��2��&!�����1���5�*�!��&-����!)!�$��1!�$�'�*$&$����

�-!�� )����$&!��� %�&-�*� 0$�� $���� 1�� �D&��*�*� &�� %/�&!5$�!$&�� *$&$� $���0!$&�*� �!&-� $� %$&�!D�

0�%2�!��*��3�2$!��!���&�&�$0-��!0�0�����$&!����*��!5�*�$��!��BVC"�)!5���&-$&�&-��%$&�!D�!��2��!&!5����%!,

*�3!�!&��� � �3� &-�� %$&�!D� !�� ��&� 2��!&!5�� ��%!,*�3!�!&�"� $� 2��!&!5�� ��%!,*�3!�!&�� 0�����&� &�� &-�� *��!5�*�

%$&�!D�0$��1��/��*�B�!)-$%RC��

�

/,3��������	�������%��0�
	�42�����

���
�
	�%��

�

�/�!��$�*�@��*1��)[�*�5���2�*�$��$�)��!&-%�3���)����$&!�)�%/�&!5$�!$&��0��&!�/�/��*$&$�$���0!$&�*�

�!&-��2�0!3'!�)�%$�)!�$��*!�&�!1/&!����1'�3!��&�)����$&!�)����%$��'�*!�&�!1/&�*�*$&$�$�*�&-���$22�'!�)�

&-��!�5�����%$�)!�$��*!�&�!1/&!���3/�0&!���&��&-��2��1$1!�!&'�*!�&�!1/&!���3/�0&!���B4�6C�5$�/����3� &-��

)����$&�*�*$&$����-�'�3!��&�)����$&��$�%$&�!D��5�Q��BW"��C�$�*�%/�&!2�'�!&�&��&-��&�$��2�����3�&-��������

&�!$�)/�$�� %$&�!D�0"� �1&$!��*� 5!$� 7-���� '� *�0�%2��!&!��� 3��%� &-�� 0�����$&!��� %$&�!D"�'"� �!&-� &-��

*��!��*�2$!��!���0�����$&!����1�&�����5$�!$1�����/0-�&-$&T�

�

M�
�

4��2��&!��$��6!&&!�)C�$�)��!&-%���

�

/,/�2���
��	�
��	��
�������

�

���!�&��*/0���/��%�&-�*�3���!%2/&!�)�1!�$�'�*$&$"����3!��&��D2�$!��&-��$22��$0-�)!5���!���%�!0-�

$�*�4!�*%��&���&��)����$&��1!�$�'�*$&$�/�!�)����%$��'�*!�&�!1/&�*�5$�/�����-!��$22��$0-�!�5��5���&-��

2-!�0�����$&!���B ��� C"�$��2�0!$��0$����3�&-��4�$�����0�����$&!����-!0-�%�$�/����&-��$���0!$&!���1�&�����

&���1!�$�'�5$�!$1�������0����,&$1/�$&!����3�&���1!�$�'�5$�!$1���"�
��$�*�
�"��!&-�0����0�/�&��&-$&�$22�$��

!���E/$&!���BLC�1����"�!��)!5���!���$1�������-��2-!�0��33!0!��&"�$�*��!5$&!5���3�&-��4�$�����0�����$&!���

B@/!�3��*VC"�0$��1��0$�0/�$&�*�1'T�

�

CCBBCCBB ��W��WWWW�WW���W

W��WWW��

��������
����

�����
����������������������BLC�

�

�-����2-!�0$���$�)��3��%T�

�

����

��������

��������
��

��
��

��������

��������

�			


�



�
�


�



�
�

��

��
�

�C"�B

CCGB"CGB%!�B

CCGB"CGB%$DB
�

�������������������BMC�

���������������

�-!���$�)�����/����&-$&�$���A�!�&�%$���*!�&�!1/&!���5$�/���$��������)$&!5��3���$����/&0�%����F��

0$��&-����1&$!��&-��&�&�$0-��!0�0�����$&!��� ��� �/�!�)T�

�

Z�
�

C"WBQ ����
 �	 ���������������������������������������������������������������6ZC�

�

�-�'�&-����1&$!��&-���&$�*$�*����%$��4�6�5$�/��3���&-����&�!����3�""�!���T�

�

CB
� �����������������������������������������������������������������������������BRC� �

�

$�*�$22�'�&-��!�5�����3/�0&!����3�&-��*��!��*�%$�)!�$��*!�&�!1/&!���3����$0-�5$�!$1���
��!��&-��*$&$���&T�

�

CB� ����� �� �	 ������������������������������������������������������������������������B[C�

�

'7"� &-�� 0�����$&!��� �3� &-�� ����'� )����$&�*� *$&$� ��&�8"� !�� &-��� 0�%2$��*� &�� &-�� ��!)!�$�� 0�����$&!���

%$&�!D�'"�5!$�&-����	�T�

�

CX�BGYL �	 ��!�
�"!# �������������������������������������������������B�WC�

�

�-����!�
�!��&-���E/$��*����%��3�&-��$1���/&��*!33����0��1�&�����'�$�*�'7�$�*���!��&-��&-���/%1����3�

5$�!$1����!��&-��*$&$���&�����

7��5��)��0���3�&-��$�)��!&-%�!��*�&��%!��*��-���&-����	��3$����1�������%��0���&$�&�$���&�3���$�

*��!��*�$00/�$0'��6����D$%2��"��!&-�$�*��!��*�$00/�$0'��3�W�W�"�&-��$/&-�����/))��&���&&!�)�$�J�W�WWM�� �

�-�!��$�)��!&-%�&-���3�������'���E/!���� !�3��%$&!������ &-��%$�)!�$��*!�&�!1/&!�����3� &-��5$�!$1����

$�*� 2$!��!��� 0�����$&!���"� 1/&� ��&� �3� &-�� A�!�&� *!�&�!1/&!��� �3� &-�� %/�&!5$�!$&�� *$&$� �-!0-� !�� �3&���

/� ������ � ��� &-�� �/�!�� $�*� @��*1��)[� $22��$0-"� &-�� ������ &�!$�)/�$�� %$&�!D� *��!5�*� 5!$� 7-���� '�

*�0�%2��!&!��� 3��%� &-�� %$&�!D� 0�%2�!��*� �3� 2$!��!��� 0�����$&!���� !�� %/�&!2�!�*� &�� &-�� )����$&�*�

Z�
�

C"WBQ ����
 �	 ���������������������������������������������������������������6ZC�

�

�-�'�&-����1&$!��&-���&$�*$�*����%$��4�6�5$�/��3���&-����&�!����3�""�!���T�

�

CB
� �	 �����������������������������������������������������������������������������BRC� �

�

$�*�$22�'�&-��!�5�����3/�0&!����3�&-��*��!��*�%$�)!�$��*!�&�!1/&!���3����$0-�5$�!$1���
��!��&-��*$&$���&T�

�

CB� ����� �� �	 ������������������������������������������������������������������������B[C�

�

'7"� &-�� 0�����$&!��� �3� &-�� ����'� )����$&�*� *$&$� ��&�8"� !�� &-��� 0�%2$��*� &�� &-�� ��!)!�$�� 0�����$&!���

%$&�!D�'"�5!$�&-����	�T�

�

CX�BGYL �	 ��!�
�"!# �������������������������������������������������B�WC�

�

�-����!�
�!��&-���E/$��*����%��3�&-��$1���/&��*!33����0��1�&�����'�$�*�'7�$�*���!��&-��&-���/%1����3�

5$�!$1����!��&-��*$&$���&�����

7��5��)��0���3�&-��$�)��!&-%�!��*�&��%!��*��-���&-����	��3$����1�������%��0���&$�&�$���&�3���$�

*��!��*�$00/�$0'��6����D$%2��"��!&-�$�*��!��*�$00/�$0'��3�W�W�"�&-��$/&-�����/))��&���&&!�)�$�J�W�WWM�� �

�-�!��$�)��!&-%�&-���3�������'���E/!���� !�3��%$&!������ &-��%$�)!�$��*!�&�!1/&!�����3� &-��5$�!$1����

$�*� 2$!��!��� 0�����$&!���"� 1/&� ��&� �3� &-�� A�!�&� *!�&�!1/&!��� �3� &-�� %/�&!5$�!$&�� *$&$� �-!0-� !�� �3&���

/� ������ � ��� &-�� �/�!�� $�*� @��*1��)[� $22��$0-"� &-�� ������ &�!$�)/�$�� %$&�!D� *��!5�*� 5!$� 7-���� '�

*�0�%2��!&!��� 3��%� &-�� %$&�!D� 0�%2�!��*� �3� 2$!��!��� 0�����$&!���� !�� %/�&!2�!�*� &�� &-�� )����$&�*�
Z�

�

C"WBQ ����
 �	 ���������������������������������������������������������������6ZC�

�

�-�'�&-����1&$!��&-���&$�*$�*����%$��4�6�5$�/��3���&-����&�!����3�""�!���T�

�

CB
� �����������������������������������������������������������������������������BRC� �

�

$�*�$22�'�&-��!�5�����3/�0&!����3�&-��*��!��*�%$�)!�$��*!�&�!1/&!���3����$0-�5$�!$1���
��!��&-��*$&$���&T�

�

CB� ����� �� �	 ������������������������������������������������������������������������B[C�

�

'7"� &-�� 0�����$&!��� �3� &-�� ����'� )����$&�*� *$&$� ��&�8"� !�� &-��� 0�%2$��*� &�� &-�� ��!)!�$�� 0�����$&!���

%$&�!D�'"�5!$�&-����	�T�

�

CX�BGYL �	 ��!�
�"!# �������������������������������������������������B�WC�

�

�-����!�
�!��&-���E/$��*����%��3�&-��$1���/&��*!33����0��1�&�����'�$�*�'7�$�*���!��&-��&-���/%1����3�

5$�!$1����!��&-��*$&$���&�����

7��5��)��0���3�&-��$�)��!&-%�!��*�&��%!��*��-���&-����	��3$����1�������%��0���&$�&�$���&�3���$�

*��!��*�$00/�$0'��6����D$%2��"��!&-�$�*��!��*�$00/�$0'��3�W�W�"�&-��$/&-�����/))��&���&&!�)�$�J�W�WWM�� �

�-�!��$�)��!&-%�&-���3�������'���E/!���� !�3��%$&!������ &-��%$�)!�$��*!�&�!1/&!�����3� &-��5$�!$1����

$�*� 2$!��!��� 0�����$&!���"� 1/&� ��&� �3� &-�� A�!�&� *!�&�!1/&!��� �3� &-�� %/�&!5$�!$&�� *$&$� �-!0-� !�� �3&���

/� ������ � ��� &-�� �/�!�� $�*� @��*1��)[� $22��$0-"� &-�� ������ &�!$�)/�$�� %$&�!D� *��!5�*� 5!$� 7-���� '�

*�0�%2��!&!��� 3��%� &-�� %$&�!D� 0�%2�!��*� �3� 2$!��!��� 0�����$&!���� !�� %/�&!2�!�*� &�� &-�� )����$&�*�

Z�
�

C"WBQ ����
 �	 ���������������������������������������������������������������6ZC�

�

�-�'�&-����1&$!��&-���&$�*$�*����%$��4�6�5$�/��3���&-����&�!����3�""�!���T�

�

CB
� �����������������������������������������������������������������������������BRC� �

�

$�*�$22�'�&-��!�5�����3/�0&!����3�&-��*��!��*�%$�)!�$��*!�&�!1/&!���3����$0-�5$�!$1���
��!��&-��*$&$���&T�

�

CB� ����� �� �	 ������������������������������������������������������������������������B[C�

�

'7"� &-�� 0�����$&!��� �3� &-�� ����'� )����$&�*� *$&$� ��&�8"� !�� &-��� 0�%2$��*� &�� &-�� ��!)!�$�� 0�����$&!���

%$&�!D�'"�5!$�&-����	�T�

�

CX�BGYL �	 ��!�
�"!# �������������������������������������������������B�WC�

�

�-����!�
�!��&-���E/$��*����%��3�&-��$1���/&��*!33����0��1�&�����'�$�*�'7�$�*���!��&-��&-���/%1����3�

5$�!$1����!��&-��*$&$���&�����

7��5��)��0���3�&-��$�)��!&-%�!��*�&��%!��*��-���&-����	��3$����1�������%��0���&$�&�$���&�3���$�

*��!��*�$00/�$0'��6����D$%2��"��!&-�$�*��!��*�$00/�$0'��3�W�W�"�&-��$/&-�����/))��&���&&!�)�$�J�W�WWM�� �

�-�!��$�)��!&-%�&-���3�������'���E/!���� !�3��%$&!������ &-��%$�)!�$��*!�&�!1/&!�����3� &-��5$�!$1����

$�*� 2$!��!��� 0�����$&!���"� 1/&� ��&� �3� &-�� A�!�&� *!�&�!1/&!��� �3� &-�� %/�&!5$�!$&�� *$&$� �-!0-� !�� �3&���

/� ������ � ��� &-�� �/�!�� $�*� @��*1��)[� $22��$0-"� &-�� ������ &�!$�)/�$�� %$&�!D� *��!5�*� 5!$� 7-���� '�

*�0�%2��!&!��� 3��%� &-�� %$&�!D� 0�%2�!��*� �3� 2$!��!��� 0�����$&!���� !�� %/�&!2�!�*� &�� &-�� )����$&�*�

pj = Pr(Yj = 1),  qj = 1 − pj

+ +



bet we en va ri ab les. In the ca se of bi nary da ta, the -
se pa ir wi se cor re la ti ons are the tet rac ho ric cor re la -
ti ons de ri ved from phi co ef fi ci ents re la ting the
bi nary va ri ab les, as gi ven in equ a ti on (6).  The Em-
rich-Pi ed mon te1 al go rithm dif fers from the Lu ri e-
Gold berg9 al go rithm, in that map ping the nor mally
dis tri bu ted da ta to bi nary da ta is non pa ra met ric,
whe re qu an ti les cor res pon ding to bi nary pro por ti -
ons are emp lo yed to dic ho to mi ze the nor mally dis-
tri bu ted da ta. Con tra rily, map ping of mul ti va ri a te
nor mally dis tri bu ted da ta in the Lu ri e and Gold-
berg9 al go rithm in vol ves in ver se func ti ons of mar-
gi nal dis tri bu ti ons. 

IM PU TING BINARY DA TA

Our al go rithm for im pu ting bi nary da ta in vol ves
ge ne ra ting mul ti va ri a te nor mally dis tri bu ted da ta
with a cor re la ti on mat rix from pa ir wi se phi cor re -
la ti on co ef fi ci ents as des cri bed in Sec ti on 2.2. Af ter
ge ne ra ting the se da ta, we then in tro du ce the sa me
frac ti on of mis sing en tri es in the se da ta as fo und in
the ori gi nal da ta and cal cu la te the pro por ti ons from
the ob ser ved da ta.

Let R1 and R2 be mis sing in di ca tor va ri ab les for
Y1 and Y2. Sup po se so me pro por ti on of Y2 is mis s-
ing with pro ba bi lity Pr(R2 = 0); we can the re fo re
cal cu la te: 

(11)

and ob ta in cor res pon ding qu an ti les gi ven by:

(12)

As su ming we ha ve a bi va ri a te da ta set whe re both
Y1 and Y2 ha ve mis sing en tri es, we de fi ne: 

(13)

and ob ta in bi nary out co mes from im pu ted Z1 and
Z2 va lu es for va ri ab les Y1 and Y2 using qu an ti les ba -
sed on:

(14)

Qu an ti les are ba sed on da ta cor res pon ding to en-
tri es with both va ri ab les ob ser ved, i.e., R1=1 and
R2=1. With the se qu an ti les, we can com pu te pro-
por ti ons in vol ving the ge ne ra ted bi va ri a te nor mal
da ta with va ri ab les Z1 and Z2 and check that the
num ber of ob ser ved en tri es sa tis fi es each con di ti on
are the sa me as the cell co unts gi ven in Tab le 1.

I.e.,

(15)

Ex ten ding our met hod to the mul ti va ri a te ca se in-
vol ves ba sing our qu an ti les on pro ba bi li ti es:

(16)

whe re yk = 0,1, k = 1, . . . ,K > 3 and K is the num-
ber of va ri ab les in our da ta set.

Pro ba bi li ti es for all K va ri ab les can then be de-
ri ved from the jo int pro ba bi lity with cor res pon ding
qu an ti les ob ta i ned vi a

(17) 

He re, Z1, . . . , ZK com pri se the nor mally dis tri -
bu ted va ri ab les of a da ta set, Z, with me an 00, and
cor re la ti on mat rix Ρ, whe re the ele ments are pa ir -
wi se tet rac ho ric cor re la ti ons de ri ved from the pa -
ir wi se phi cor re la ti ons vi a equ a ti on (6). We then
im pu te da ta in the mul ti va ri a te nor mal da ta set, Z,
as des cri bed in Scha fer5, and dic ho to mi ze the
newly im pu ted da ta for each va ri ab le k, k = 1,...,K
vi a the qu an ti les ob ta i ned from equ a ti on (17). 

Dif fe rent me a su res can furt her mo re be uti li -
zed to as sess the per for man ce of mul tip le im pu ta -
ti on such as the ave ra ge es ti ma te (AE),
stan dar di zed bi as (SB), ro ot me an squ a re er ror
(RMSE), co ve ra ge ra te (CR), and ave ra ge width
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(AW) of the con fi den ce in ter vals for pa ra me ter es-
ti ma tes of θj’s. The ave ra ge es ti ma te (AE) is de fi -
ned as the ave ra ge of all pa ra me ter es ti ma tes
ob ta i ned from m > 1 im pu ted da ta sets and is com-
pu ted as:

(18) 

This AE va lu e can be com pa red to the tru e pa ra -
me ter vi a the T ap pro xi ma ti on:

(19)

whe re T is the to tal va ri an ce com pri sed of the wit -
hin-im pu ta ti on va ri an ce, U, and bet we en-im pu ta -
ti on va ri an ce, B, gi ven in (20) and (21),
res pec ti vely.

(20)

(21)

The T ap pro xi ma ti on fol lows a t dis tri bu ti on with
deg re es of fre e dom gi ven in (22).

(22)

Typi cally, m = 10 num ber of im pu ta ti ons is suf-
fi ci ent for most app li ca ti ons, but if B >> U, then
mo re im pu ta ti ons may be ne e ded.3,5 SB, gi ven in
equ a ti on (23), me a su res the ef fect of bi as on the pa-
ra me ter es ti ma te ob ta i ned from the im pu ted da ta.
Furt her mo re, SB va lu es > 50% are con si de red to ha -
ve ad ver se ef fects on pa ra me ter es ti ma ti on.2,10-12

(23)

The RMSE gi ven in equ a ti on (24) helps us to as sess
pre ci si on (ef fi ci ency) and ac cu racy.

(24)

Co ve ra ge ra te (CR) is de fi ned as the per cen ta ge of
ti mes that the tru e pa ra me ter li es wit hin the con-
fi den ce in ter val of the pa ra me ter es ti ma te; CR va l-
u es < 90% are con si de red po or.13 Lastly, ave ra ge
width (AW) is the ave ra ge dif fe ren ce bet we en lo -
wer and up per bo unds of the pa ra me ter es ti ma te
ob ta i ned ac ross m > 1 im pu ta ti ons.  In this eva lu a -

ti on system, SB is an ac cu racy me a su re, AW is a
pre ci si on me a su re, and CR and RMSE are in teg ra -
ted me a su res of ac cu racy and pre ci si on.

Af ter com pu ting pa ir wi se cor re la ti ons for the
newly im pu ted bi nary da ta, we check if the up da -
ted phi mat rix con ta i ning the se pa ir wi se ele ments
is po si ti ve de fi ni te and if the mat rix if fa irly clo se to
the ori gi nal phi mat rix, i.e., if for each ele ment,

(25)

for so me cons tant cjk.

If the new phi mat rix is not po si ti ve se mi-de -
fi ni te, then we de ri ve the ‘ne a rest’ po si ti ve se mi-
de fi ni te phi mat rix and com pa re the ele ments of
this mat rix to tho se of the ori gi nal phi mat rix.  We
ite ra te the pre vi o usly des cri bed pro ce du res un til
the con ver gen ce cri te ri a are met. This al go rithm
is sum ma ri zed in (26), inc lu ding the steps for mul-
ti va ri a te nor mal da ta ge ne ra ti on (MVN_ge ne ra ti -
on), mul tip le im pu ta ti on (MI), and
dic ho to mi za ti on.

(26)

SI MU LA TI ON STUDY AND RE AL DA TA APP LI CA TI ONS

In exa mi ning our met hod for the bi va ri a te ca se
with mis sing en tri es in the se cond va ri ab le, we first
cre a ted da ta sets with two bi nary va ri ab les and 500
ob ser va ti ons and eit her ran domly de le ted 125 en-
tri es in each va ri ab le to in tro du ce 25% mis sing ness
in both va ri ab les un der the Mis sing Comp le tely at
Ran dom (MCAR) mec ha nism, or used a mo del
whe re the pro ba bi lity of mis sing ness in the se cond
va ri ab le de pen ded on the first va ri ab le to ge ne ra te
da ta mis sing un der the Mis sing at Ran dom (MAR)
mec ha nism with 20% to 30% mis sing ness. This
mo del gi ven in (27) was app li ed to the da ta first and
was fol lo wed by in tro du cing 25% mis sing ness in
the first va ri ab le by ran domly de le ting 125 out of
the 500 en tri es.
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(27)

We app li ed our ap pro ach to cre a te 10 im pu ted
da ta sets at each of 1000 si mu la ti ons and as ses sed
the per for man ce by lo o king at the ave ra ge es ti ma -
te (AE), stan dar di zed bi as (SB), ro ot me an-squ a re
er ror (RMSE), co ve ra ge ra te (CR), and ave ra ge
width (AW).  

Tes ting our met hod in the mul ti va ri a te ca se
with K = 3 va ri ab les, we ge ne ra ted bi nary da ta sets
with 100 en tri es and in du ced eit her a 25% MCAR
pat tern in each va ri ab le or a 25% MCAR pat tern in
the first two va ri ab les, and a 20-30% MAR pat tern
in the third va ri ab le, whe re the mis sing ness in this
va ri ab le de pen ded on the first va ri ab le, as shown
in (28).  We no te that mis sing ness in this third va -
ri ab le was in tro du ced un der the MAR mec ha nism
be fo re ran dom de le ti on of the en tri es in the first
va ri ab le was con duc ted.

(28)

Aga in, we ran 1000 si mu la ti ons, each in vol -
ving m = 10 im pu ta ti ons.  Con ver gen ce for each si -
mu la ti on was ac hi e ved when the ab so lu te
dif fe ren ce bet we en each of the ori gi nal pa ir wi se
cor re la ti ons and the pa ir wi se cor re la ti ons ob ta i ned
from the im pu ted da ta was less than so me cons tant
cjk, with j = 1,2 and k = 2,3.

Our re al da ta examp le co mes from the NYC
HA NES (New York City He alth and Nut ri ti on
Sur vey) da ta ba se com pri sing of 831 men and 1168
wo men cre a ted to exa mi ne the as so ci a ti on bet we -
en di se a se pre va len ce and en vi ron men tal fac tors
in New York City. This examp le is mo ti va ted by
the no ti on that most pri va te he alth in su ran ce po -
li ci es in the US are of fe red thro ugh the work pla -
ce.14-16 Emp loy ment-ba sed he alth in su ran ce af fects
as pects of emp loy ment such as job mo bi lity15 and
the op ti on of he alth pac ka ges that emp lo yers cho -
o se to of fer.14 Furt her mo re, it may be of im por -
tan ce to know if in di vi du als with cer ta in he alth
con di ti ons or in fec ti o us di se a ses ha ve ac cess to in-
su ran ce.17-19

RESULTS

The me a su res gi ven in Tab les 2 and 3 de mons tra te
that the met hod works well for dif fe rent cor re la ted
bi va ri a te bi nary da ta sets in MCAR and MAR ca ses,
res pec ti vely, as in di ca ted by AE va lu es com pa rab -
le to tru e pa ra me ters, SB es ti ma tes < 50%, small
RMSE va lu es in di ca ting go od ac cu racy and pre ci si -
on, CR va lu es > 90%, and AW es ti ma tes com pa -
rab le to the con fi den ce in ter val widths of the
ori gi nal pa ra me ters. Re sults in Tab le 4 al so show
the va li dity of our met hod for mul ti va ri a te da ta vi -
a the as sess ment me a su res of AE, SB, RMSE, CR,
and AW va lu es.
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Data Set 1 Data Set 2

Convergence

Constant 0.0075 0.01275

True δ -0.7099 -0.4085

Imputed δ -0.7102 -0.4094

SB 24.4278 40.1080

RMSE 0.0012 0.0019

CR 94.5486 94.4952

AW 0.0876 0.1477

True p1 True p2 True p1 True p2

0.5200 0.5040 0.4840 0.4942

Imputed p1 Imputed p2 Imputed p1 Imputed p2

0.5346 0.4947 0.4960 0.4993

Data Set 3 Data Set 4

Convergence

Constant 0.0175 0.0075

True δ 0.4083 0.7392

Imputed δ 0.4078 0.7390

SB 15.4593 14.3974

RMSE 0.0024 0.0011

CR 92.0796 94.3719

AW 0.1492 0.0803

True p1 True p2 True p1 True p2

0.5200 0.5165 0.5260 0.5156

Imputed p1 Imputed p2 Imputed p1 Imputed p2

0.5280 0.5277 0.5000 0.4906

TABLE 2: Results from applying the new imputation
method to bivariate binary data missing under the MCAR

mechanism, with 25% missingness in both variables.

AE: average estimate, SB: standardized bias, RMSE: root mean square error, 
CR: coverage rate, AW: average width
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Tab le 5 gi ves the re sults from app lying the
new im pu ta ti on met hod to a sub set of 100 wo men
from the da ta ba se and in di ca tes pro mi se in our
met hod as aga in shown by AE va lu es com pa rab le to
the ori gi nal es ti ma tes, SB es ti ma tes < 50%, small
RMSE va lu es imp lying go od ac cu racy and pre ci si -
on, CR va lu es > 90%, and AW es ti ma tes com pa -
rab le to con fi den ce in ter vals of ori gi nal es ti ma tes.  

Boxp lots in Fi gu res 1 and 2 show com pa rab le
ran ges of me an and pa ir wi se cor re la ti on es ti ma tes
bet we en 1000 ge ne ra ted da ta sets re semb ling the
re al da ta on ave ra ge and 10 im pu ted da ta sets for
each ge ne ra ted da ta set ob ta i ned from app li ca ti on

of our met hod.  Alt ho ugh va ri a bi lity was slightly
hig her for cer ta in pa ir wi se cor re la ti on es ti ma tes
from im pu ted da ta, the se va lu es we re still in an ac-
cep tab le ran ge.  We furt her mo re no te that the frac-
ti on of mis sing in for ma ti on in the ge ne ra ted da ta
sets was equ al to frac ti on of mis sing in for ma ti on in
each cor res pon ding va ri ab le of the ori gi nal da ta
and was in tro du ced vi a the MCAR or MAR mec h-
a nism.

CONCLUSION

We in tro du ce a no vel pro ce du re for im pu ting bi va -
ri a te and mul ti va ri a te bi nary da ta which al lows us to

Data Set 1 Data Set 2

Convergence

Constant 0.00875 0.01275

True δ -0.7622 -0.4085

Imputed δ -0.7629 -0.4094

SB 45.4977 40.1080

RMSE 0.0013 0.0019

CR 93.1269 94.4952

AW 0.0740 0.1477

True p1 True p2 True p1 True p2

0.5120 0.5040 0.4840 0.4960

Imputed p1 Imputed p2 Imputed p1 Imputed p2

0.5120 0.5076 0.4841 0.4993

Data Set 3 Data Set 4

Convergence

Constant 0.01225 0.0075

True δ 0.3492 0.7992

Imputed δ 0.3488 0.7991

SB 17.9689 7.1497

RMSE 0.0018 0.0008

CR 94.6627 95.3248

AW 0.1559 0.0638

True p1 True p2 True p1 True p2

0.4680 0.5600 0.5000 0.5200

Imputed p1 Imputed p2 Imputed p1 Imputed p2

0.4621 0.5599 0.4987 0.5116

TABLE 3: Results from applying the new imputation
method to bivariate binary data missing under the MAR
mechanism, with 25% missingness in the first variable
and 20% - 30% missingness in the second variable.

AE: average estimate, SB: standardized bias, RMSE: root mean square error, 
CR: coverage rate, AW: average width
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MCAR Case

Variable Pairs (1,2) (1,3) (2,3)

Convergence Constant 0.025 0.025 0.05

True δ 0.0025 0.025 0.0325

Imputed δ -0.7679 0.4419 -0.3793

SB -0.7677 0.4414 -0.3786

RMSE 4.3744 11.6331 12.995

CR 0.0034 0.0035 0.0042

AW 91.4058 95.17 94.4604

True p1 True p2 True p3

0.4600 0.4900 0.5200

Imputed p1 Imputed p2 Imputed p3

0.4599 0.4766 0.5288

MAR Case

Variable Pairs (1,2) (1,3) (2,3)

Convergence Constant 0.025 0.025 0.05

True δ -0.7366 0.3917 -0.2889

Imputed δ -0.7379 0.392 -0.2871

SB 28.3954 7.3437 39.6934

RMSE 0.0038 0.0038 0.0039

CR 91.5072 94.9118 95.207

AW 0.1852 0.3377 0.3645

True p1 True p2 True p3

0.4600 0.4500 0.4300

Imputed p1 Imputed p2 Imputed p3

0.4500 0.4603 0.4497

TABLE 4: Results from applying the new imputation
method to multivariate binary data, with 25% missing-

ness in all three variables under the MCAR mechanism
and with 25% missingness in the first two variables and
20% - 30% missingness in the third variable under the

MAR mechanism.

AE: average estimate, SB: standardized bias, RMSE: root mean square error, 
CR: coverage rate, AW: average width



re lax any as sump ti ons as so ci a ted with the sa tu ra ted
mul ti no mi al or log li ne ar mo del. This met hod in vol -
ves im pu ting nor mally dis tri bu ted va lu es map ped
from the ori gi nal bi nary da ta and then dic ho to mi -
zing the se va lu es using qu an ti les ba sed on mar gi nal
pro por ti ons.  This ap pro ach is se mi-pa ra met ric in
na tu re as im pu ting un der the nor ma lity as sump ti -
on of jo int mo de ling in vol ves the pa ra met ric por ti -
on and dic ho to mi zing vi a qu an ti les cons ti tu tes the
non pa ra met ric por ti on. We ha ve va li da ted this met -
hod vi a si mu la ti on stu di es and re al da ta app li ca ti ons
un der MCAR and cer ta in MAR sce na ri os.  Thus, we
re com mend this ap pro ach as a pos sib le ave nu e for
im pu ting bi nary da ta when mul ti no mi al or log li ne -
ar mo del as sump ti ons may be vi o la ted.
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Variable Label Number (Percent) Missing

1 Herpes I 12 (12.0%)

(yes vs. no)

2 Insurance Offered at 42 (42.0%)

Workplace (yes vs. no)

3 Private Insurance 0 (0.0%)

(yes vs. no)

Variable Pairs (1,2) (1,3) (2,3)

Convergence 

Constant 0.0325 0.0325 0.0325

Original δ -0.1422 -0.1376 0.5131

Imputed δ -0.1435 -0.1388 0.5132

SB 22.5165 23.3595 3.8314

RMSE 0.0047 0.004 0.0043

CR 94.1559 95.0411 93.2211

AW 0.3907 0.3900 0.2964

Original p1 Original p2 Original p3

0.77 0.55 0.68

Imputed p1 Imputed p2 Imputed p3

0.76 0.54 0.68

TABLE 5: Description of variables and results from the
new imputation method applied to a subset of 100

women from the NYC HANES database.

AE: average estimate, SB: standardized bias, RMSE: root mean square error,
CR: coverage rate, AW: average width

FIGURE 1: Boxplots of means for data sets resembling the NYC HANES
data applied to the new imputation method for binary data generated under
the MCAR or MAR mechanism.

FIGURE 2: Boxplots of pairwise correlations for data sets resembling the
NYC HANES data applied to the new imputation method for binary data gen-
erated under the MCAR or MAR mechanism.
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