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et be a random sample of size n from a discrete distri-
butions with probability mass function and cu-
mulative distribution function P(x). Let be

the order statistics obtained from above random sample by arranging the
observations in increasing order of magnitude. Let denote by..........

For convenience, for variance of
will also be used.

The first two moments of order statistics from discrete distributions
were proved by Khatri.1 Several recurrence relations and identities avai-
lable for single and product moments order statistics in a sample size n from
an arbitrary continuous distribution were extended for the discrete case by
Balakrishnan.2 The review paper by Nagaraja3 lucidly accounts all the devel-
opments on discrete order statistics. The first two moments were also pro-

On the Variances of the Sample Maximum
of Order Statistics from

A Discrete Uniform Distribution

AABBSS  TTRRAACCTT  In this study, formulae for the moments of the sample maximum of order statistics
from a discrete uniform distribution are presented in closed form. Illustrative example of the vari-
ances of the sample maximum of order statistics from a discrete uniform distribution is given.  The
current study obtains algebraic expressions for n up to 20 for the variances of the sample maximum
of order statistics from a discrete uniform distribution. Using the obtained algebraic expressions,
anyone can compute these variances based on the N and n values. Further studies may focus on a
software program estimating these variances found in this study.

KKeeyy  WWoorrddss::  Variance; sample maximum; uniform distribution; order statistics

ÖÖZZEETT  Bu çalışmada kesikli düzgün dağılımdaki sıra istatistiklerinin örnek maksimum momentleri
için formüller açık bir şekilde sunuldu. Kesikli düzgün dağılımdaki sıra istatistiklerinin örnek
maksimum varyanslarının tanımlayıcı örnekleri verildi. Şimdiki çalışmada kesikli düzgün
dağılımdaki sıra istatistiklerinin örnek maksimumunun varyansları için n=20’ ye kadar cebirsel
ifadeleri elde edildi. Elde edilmiş cebirsel ifadeler kullanılarak N ve n değerlerine bağlı olarak  bu
varyanslar bilgisayarla hesaplanabilir. Daha ileri çalışmalar bu çalışmada bulunan varyansları
hesaplayan yazılım programları üzerine odaklanabilir.
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ved by Ar nold et al.4 by a dif fe rent tech ni qu e. The
mth raw mo ments of or der sta tis tics from dis cre te
dis tri bu ti ons we re pro ved and a re la ti on bet we en
the mo ments of samp le ma xi mum of or der sta tis -
tics from a dis cre te uni form dis tri bu ti on and the
sum S(N-1,n) as gi ven in (5) we re ob ta i ned by Ca -
lik  et al.5 On the va ri an ces of the dis tri bu ti on of
the samp le ran ge of or der sta tis tics from a dis cre te
uni form dis tri bu ti on we re ob ta i ned by Ca lik.6

In this pa per, the va ri an ces of the samp le ma -
xi mum of or der sta tis tics from a dis cre te uni form
dis tri bu ti on are ob ta i ned by using the sum S(N-1,n)
as gi ven in (5). For n up to 20, al geb ra ic ex pres si ons
for the va ri an ces are ob ta i ned.

BASIC DISTRIBUTIONAL RESULTS
Let                                      de no te the cu mu la ti ve
dis tri bu ti on func ti on (cdf) of        . Then it is easy
to se e that

(1)

whe re                 is the in comp le te be ta func ti on de-
fi ned by

For dis cre te po pu la ti on, the pro ba bi lity mass
func ti on (pmf) of  may be ob ta i ned from (1) by dif-
fe ren cing as 

(2)

Hen ce the mth raw mo ment of           can be
im me di a tely writ ten down as

whe re               is as gi ven in (2). The se mo ments
can, ho we ver, be simp li fi ed and writ ten in a con ve -

ni ent form.1,4,7

For examp le, we ha ve for 

(3)  

and

(4)

ORDER STATISTICS FROM 
A DISCRETE UNIFORM DISTRIBUTION

Let the po pu la ti on ran dom va ri ab le  X be dis cre te
uni form with sup port                               We  then
wri te,  X is dis cre te uni form   .          No te that its

pmf   is   gi ven  by                    ,   and   its   cdf   is

,                       Con se qu ently the cdf of the 

r-th or der sta tis tics is gi ven by

SPECIAL SUMS
In the the ory of non pa ra met ric sta tis tics, par ti cu -
larly when we de al with rank sums, we of ten ne ed
for the sums of po wers of the first n po si ti ve in te -
gers; na mely, ex pres si on for

(5)

for                  .    The fol lo wing the o rem, we pro vi -
de a con ve ni ent way of ob ta i ning the se sums.

TThhee  oo  rreemm  11..11..

for any po si ti ve.8

A di sad van ta ge of this the o rem is that we ha -
ve to find the sums                   one at a ti me, first
for n=0, then n=1, then n=2 and so forth. For ins -
tan ce, for k=1 we get
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and, hen ce,                                                         
Si mi larly, for k=2 we get

and, hen ce,                                                             

Using the sa me tech ni qu e, we can find the sums 

,  

and so on.

THE MOMENTS OF THE SAMPLE
MAXIMUM OF ORDER STATISTICS

In ge ne ral, (3) and (4) mo ments are not easy to eva -
lu a te analy ti cally. So me ti mes the mo ments of sam-
p le ex tre mes are trac tab le. Let us se e what hap pens
in the ca se of dis cre te uni form dis tri bu ti on.

When X is a dis cre te uni form             ran dom va -
ri ab le in the ca se of the samp le ma xi mum, (3) yi elds

(6) 

Furt her from (4),

(7)

and hen ce va ri an ce of the samp le ma xi mum we ob-
ta in

For n up to 20, al geb ra ic ex pres si ons for the
are ob ta i ned, se e Tab le 1.

EExxaammpp  llee  11::  Using (6) and (7), we can conc lu de
for examp le that

and

When  n=2,  using  the  va lu es  of
and, we ob ta in

CONCLUSION
The cur rent study pre sents al geb ra ic ex pres si ons
for n up to 10 for the va ri an ces of the samp le ma x-
i mum of or der sta tis tics from a dis cre te uni form
dis tri bu ti on. Using the ob ta i ned al geb ra ic ex pres si -
ons, the se va ri an ces can be com pu ted. As it is un-
ders to od from Tab le 1, dif fe rent va lu es can be
ob ta i ned for N and n. For ins tan ce, for N=100,
using the va lu e n=3 in the Tab le 1, we ob ta in         

=374.95833375 Furt her stu di es may fo cus on a
soft wa re prog ram es ti ma ting the se va ri an ces fo und
in the cur rent study.
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TABLE 1: The variances of the sample maximum of order statistics from discrete uniform distribution.
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