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On the Variances of the Sample Maximum
of Order Statistics from
A Discrete Uniform Distribution

Kesikli Diizgiin Dagilimdaki
Sira Istatistiklerinin Ornek Maksimumunun
Varyanslar1 Uzerine

ABSTRACT In this study, formulae for the moments of the sample maximum of order statistics
from a discrete uniform distribution are presented in closed form. Illustrative example of the vari-
ances of the sample maximum of order statistics from a discrete uniform distribution is given. The
current study obtains algebraic expressions for n up to 20 for the variances of the sample maximum
of order statistics from a discrete uniform distribution. Using the obtained algebraic expressions,
anyone can compute these variances based on the N and n values. Further studies may focus on a
software program estimating these variances found in this study.
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OZET Bu ¢alismada kesikli diizgiin dagilimdaki sira istatistiklerinin 6rnek maksimum momentleri
icin formiiller acik bir sekilde sunuldu. Kesikli diizgiin dagilimdaki sira istatistiklerinin 6rnek
maksimum varyanslarinin tanimlayici 6rnekleri verildi. $imdiki ¢aligmada kesikli diizgiin
dagilimdaki sira istatistiklerinin 6rnek maksimumunun varyanslar: i¢in n=20" ye kadar cebirsel
ifadeleri elde edildi. Elde edilmis cebirsel ifadeler kullanilarak N ve n degerlerine bagl olarak bu
varyanslar bilgisayarla hesaplanabilir. Daha ileri ¢aligmalar bu ¢alismada bulunan varyanslar
hesaplayan yazilim programlar: iizerine odaklanabilir.

Anahtar Kelimeler: Varyans; 6rnek maksimumu; diizgiin dagihm; sira istatistikleri
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et X,,X,,...,X, bearandom sample of size n from a discrete distri-
butions with probability mass function p(x) (X =0,12,.. ) and cu-
mulative distribution function P(x). Let X, <X,, <...<X,, be
the order statistics obtained from above random sample by arranging the

observations in increasing order of magnitude. Let £ (X k denote by /Ui;kn)
(I<r<n, k>1). For convenience, u,, for 1) and o2, for variance of

X,., will also be used.

The first two moments of order statistics from discrete distributions
were proved by Khatri.! Several recurrence relations and identities avai-
lable for single and product moments order statistics in a sample size n from
an arbitrary continuous distribution were extended for the discrete case by
Balakrishnan.? The review paper by Nagaraja® lucidly accounts all the devel-
opments on discrete order statistics. The first two moments were also pro-
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ved by Arnold et al.* by a different technique. The
mth raw moments of order statistics from discrete
distributions were proved and a relation between
the moments of sample maximum of order statis-
tics from a discrete uniform distribution and the
sum S(N-1,n) as given in (5) were obtained by Ca-
lik et al.> On the variances of the distribution of
the sample range of order statistics from a discrete
uniform distribution were obtained by Calik.®

In this paper, the variances of the sample ma-
ximum of order statistics from a discrete uniform
distribution are obtained by using the sum S(N-1,n)
as given in (5). For n up to 20, algebraic expressions
for the variances are obtained.

I BASIC DISTRIBUTIONAL RESULTS

Let F,, (x) (r =12,. ..,n) denote the cumulative
distribution function (cdf) of 'X,,, . Then it is easy
to see that

YW EOTELE G

:IP(X)(r,n —-r+ 1)

where I, (a,b) is the incomplete beta function de-
fined by

ek (8(as) o0

For discrete population, the probability mass

—t)"'dt , (a,pb>0)

function (pmf) of may be obtained from (1) by dif-
ferencing as

Sral¥) = F,, (x) = F,,(x=1)

P(x)
rn—r+1 I

2)
(1—2)y"dr

Hence the mth raw moment of X, can be
immediately written down as

lurn ZX .frn

where Jfr., (x) is as given in (2). These moments
can, however, be simplified and written in a conve-
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nient form.*7

For example, we have for 1 <r<n

- :20[1 ~F,,(x)] 3)

and
ul) = 2296[1 N+ 4, (4)
ORDER STATISTICS FROM

A DISCRETE UNIFORM DISTRIBUTION

Let the population random v{:lirziableN be discrete
WS VS We then

uniform with support Y
-2 7" 1"Note that its

write, X is discrete uniform

pmf is given by p(x):ﬁ, and its cdf is

x
Plx)= NS for x €B. Consequently the cdf of the

r-th order statistics is given by
FW=3 [N 1-] . xes
' —\i \N N

I SPECIAL SUMS

In the theory of nonparametric statistics, particu-
larly when we deal with rank sums, we often need
for the sums of powers of the first n positive inte-

gers; namely, expression for
N-1
S(N=1n)=1"+2"+...+(N=1) = x" (5)

x=1

for n—012

de a convenient way of obtaining these sums.

Theorem 1.1.

k-1

Z(QS(N ~1n)=N*-1

n=0

** The following theorem, we provi-

for any positive.?

A disadvantage of this theorem is that we ha-
ve to find the sums S(N —1,1) one at a time, first
for n=0, then n=1, then n=2 and so forth. For ins-
tance, for k=1 we get

GJS(N ~1,0)=N -
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and, hence, S(N-1,0)=1°+2"+...+(N-1)’ =N -1.
Similarly, for k=2 we get

((ZJ S(N - 1,0)+@ S(N-1,1)=N? -1

N—-1+2S(N-11)=N? -1
1

and, hence, S(N-L1)=1'+2"' +...+(N -1) :E(N_I)N'

Using the same technique, we can find the sums
S(N-1,2)= %(N ~-1N@N-1) , S(N-1,3)= %(N ~1FN?
and so on.

THE MOMENTS OF THE SAMPLE
MAXIMUM OF ORDER STATISTICS

In general, (3) and (4) moments are not easy to eva-
luate analytically. Sometimes the moments of sam-
ple extremes are tractable. Let us see what happens
in the case of discrete uniform distribution.

When Xis a discrete uniform[l , N] random va-
riable in the case of the sample maximum, (3) yields

I

_ v S(N-1n)
er
Further from (4),
N-1 n
) _» 1- xj
H Z’{ ( N |t

_ 7
— (1) 2@ =Lt L), 7

e 28(N =1,n+1)+S(N —1,n)
NH
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and hence variance of the sample maximum we ob-
tain

@)

2 2
O = M0 = piy,

=N?

C2S(N-Ln+1)+ S(Nl,n){N S(Nl,n)T
N" N" ’

For n up to 20, algebraic expressions for the o v
are obtained, see Table 1.

Example 1: Using (6) and (7), we can conclude
for example that

éN(N—l)(ZN—l)

S(N-12) 4N?*+3N -1
My = N = N2 =N- N = oN
and
1 5
o e So13) g WV aas gy
My =N - 3 =N- > = )
N N 6N

When n=2, using the values of 22 and 4,

and, we obtain

. _ON*-N? -1 (2N +1)(N? 1)

0-2:2 = 2 = 2 N
36 N 36 N

I CONCLUSION

The current study presents algebraic expressions
for nup to 10 for the variances of the sample max-
imum of order statistics from a discrete uniform
distribution. Using the obtained algebraic expressi-
ons, these variances can be computed. As it is un-
derstood from Table 1, different values can be
obtained for N and n. For instance, for N=100,
using the value »#=3 in the Table 1, we obtain
0,=374.95833375 Further studies may focus on a
software program estimating these variances found
in the current study.
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TABLE 1: The variances of the sample maximum of order statistics from discrete uniform distribution.

o N~ EE N

-4
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L R
(186N 2 N2 +1)N 2 A1)
s e g
(1/900) N ° (24N ® 21N * 4o 41N 2 )

rmooeyd " kY mn S apkt anty

(11768N 10 7eN * 1an 2 46 N 7N rarN 0 w2 -

L= YL Tt R T R L Rt 1 Ry

(1/8100)N " (541N * 111N % -1490N € 4715N ® +575N "0 445N ' 480N ' 49) (N 2 1)
crazog i " poe ™ e Y me e s s e F
(1/4356)N '8 (1444N * -305N % -3572N © +5690N © -3622N "0 25N 12 767N ' 267N '€ 430N ' +25)(N % -1)

rieaane 4 peroasn ' eseanon 7 sacamek * spearma ¥ sy amonon ' Cenny

-teeean "™ ssaon  wmsamt 1)

(1/7452900) N 22 (27342319N * -5810619N * -66497141N ® +99650850N ° -104252050N ' +63345590N ' -13921600N '
-3195885N © +2350665N ' -487725N 20 +37800N 22 +477481)(N * -1)

readich = iaammeen  attdedn * pedasne © <10k | ey

saosanan @ gt ™ ceasen Y resaen T e M saaoe 2 e ®

N726

-

4

(116200)N ~>° (1260002N * -268170N>-3053308N © +4530710N © -4587230N '° +3428080N ' -1785320N ' +515160N
-36300N ' -23235N 2 +7965N 22 107N 2* 463N 2 +22050)(N % -1)

[ttt 4 eanandch © -axeaneaok © - modreeon T aanasiirnk ek 1sgdse
-stesasey ™ peassanpe " paamen ' ssonann X esesk Zomoen e P Lumasean ®
(1/260100)N 0 (747264681N * -150086511N > -1809106919N ® +2678543765N ® -2696299905N '° +1970897485N 12 -
1118061475N * +482514435N ' -141257045N © +22029315N 2° +260815N 2% -868325N 2 +182275N 2

-18325N ** 4800N > +13082689) (N > -1)

reazzne o T piraasetain  ersameay T e amcansse n Fosseccazaieon | smeeosaaz ¥
viadan s aseeoeracaad oo ormand ' apoarndaanh " aaTreosas T bEE

20441505 N >4 +3525095N 2° -307300N ** +11900N *° +15659978733) (N 2 -1)

(1/15920100)N —* (2747513343304N * -584973244385N > -6650236179176N ® +9841058725580N °

-9893272597420N '© +7240369373720N % -4049986762360N '* +1797830096370N '

4640 853634750N ' +173454706215N 2° - 31448870985N 22 +2743431621N >4 +221240001N 2°

-103814025N % +15024135N >° -1147335N > +30690N >* +48107842205)N  -1)

R A B T U ST T T R T g LE Y B Rt e P
pera et s nepnaa L ema s v T amanananet sy

psmpeoroan ik oannImadrany T BESAIAEEh T o TRE5MA0NE T (asRneanty

67739672N 2° 18365588N *° -564564N 2 +17556N °* +2116745057900)(N > -1)

(1/48024900)N > (767878316243170N * -163492513442130N * -1858517941834721N © +2749888811281060N *
-2763602815808140N ' +2020071570441980N ' -1128280580815540N * +498261362201550N '© -179007120008130N '
+53175080731170N 2° -12792741283080N > +2322004704030N >4 -277071999270N 2° 112 621287250N 2
+2257541550N ° -548675325 N > +58605525N > -3521925N >° +99000N *® +13445 649582561)(N > 1)
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