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Power Shanker Distribution and
its Application

Power Shanker Dagilimi ve Uygulamasi

ABSTRACT A two-parameter power Shanker distribution, of which Shanker distribution
introduced by Shanker (2015) is a particular case, has been proposed and its important statistical
properties including shapes of the density and hazard rate function, moments, skewness and
kurtosis measures have been discussed. The stochastic ordering of the distribution has been
explained. The maximum likelihood estimation has been discussed for estimating its parameters.
Finally, applications and goodness of fit of the proposed distribution has been discussed with a
real lifetime data and the fit has been compared with power Lindley distribution and one
parameter Shanker, Lindley and exponential distributions.

Keywords: Shanker distribution; hazard rate function; moments; stochastic ordering;
maximum likelihood estimation; goodness of fit

OZET iki parametreli bir giic Shanker dagilimi olan Shanker dagilimi Shanker (2015) tarafindan
getirilen 6zel bir durumdur ve yogunluk sekilleri ve hazard hizi fonksiyonu, momentler, ¢arpiklik
ve basiklik olgiileri gibi 6nemli istatiksel 6zellikleri tartigilmigtir. Dagilimin stokastik siralamasi
agiklanmistir. En ¢ok olabilirlik tahmini parametrelerini tahmin etmek i¢in tartipglmistir. Son
olarak, 6nerilen dagilimin uygulamalar1 ve uyum iyiligi, gercek yasam boyu verilerle tartigilmig
ve uyum, Lindley dagilimi ve bir parametreli Shanker, Lindley ve {istel dagilimlarla
karsilagtinlmigtur.

Anahtar Kelimeler: Shanker dagilimi; hazart hizi fonksiyonu; momentler; stokastik siralama;
en ¢ok olabilirlik tahmini; uyum iyiligi

Shanker (2015) introduced a lifetime distribution named Shanker
distribution having probability density function (pdf).!
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The pdf in (1.1) shows that the Shanker distribution is a two — component mixture of an exponential

distribution (with scale parameter &) and a gamma distribution (with shape parameter 2 and scale

parameter 6), with mixing proportion p = 6" . That is, Shanker distribution is a convex combination
&> +1

of exponential (§) and gamma(2,6)distributions.

The corresponding cumulative distribution function (cdf) of (1.1) is given by

Fl(Y:B)=1{1+029—1Je'9y;y>0,6>O (1.2)

The first four moments about origin of Shanker distribution are obtained as

. ete2 . 2(e+d , e(rva) ,_24(6+5) (1.3)
ﬂ1_9(92+1) “2_92(9%1) ”3_93(92+1) Ha 94(92+1)

The variance of the Shanker distribution can be obtained as

_ G +46°+2 (1.4)
(o7 +1)

2

Shanker (2015) has discussed some of its mathematical and statistical properties including its shapes
for varying values of parameter, moments, skewness, kurtosis, hazard rate function, mean residual
life function, stochastic ordering, mean deviations, order statistics, Bonferroni and Lorenz curves,
Renyi entropy measure, stress-strength reliability.! Further, Shanker (2015) discussed the
estimation of its parameter using both the maximum likelihood estimation and the method of
moments along with the applications of the distribution for modeling lifetime data from
engineering and medical science.! Shanker (2016) obtained the discrete Poisson-Shanker
distribution, a Poisson mixture of Shanker distribution, and studied its various mathematical and
statistical properties and applications for count data from various fields of knowledge.? Shanker
(2017 a, 2017 b) has also obtained size-biased and zero-truncated forms of Poisson-Shanker
distribution and discussed their statistical properties and applications for modeling count data
excluding zero counts from biological sciences.?* Shanker and Hagos (2016) has comparative study
on modeling of lifetime data using one parameter Akash, Shanker, Lindley and exponential
distributions and observed that there are some lifetime data where these distributions do not give
satisfactory fit due to theoretical or applied point of view.> The reasons for not giving satisfactory fit
are that these one parameter distributions are monotonically decreasing and do not have enough
flexibility to model lifetime data of various nature.

It should be noted that the pdf the cdf of Power Lindley distribution (PLD) obtained by Ghitany et a/
(2013) are given by6

2
f,(x6,a)= (gfl) x”‘1(1+ x")e‘exa :x>0,6>0a>C (1.5)
F(x6,a) :1—[1+ zfﬂe‘” x>08> 0g> ( (1.6)
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Note that the PLD is a convex combination of Weibull (4,9) and a generalized gamma (24 4)

distribution with mixing proportioni. Ghitany er a/ (2013) has discussed the properties of PLD
6+1

including the shapes of the density and hazard rate functions, moments, skewness and kurtosis

measures, some among others.® Further, Ghitany er a/(2013) has discussed the estimation of parameters

of PLD using maximum likelihood estimation and the application of PLD to a real lifetime data.® Recall

that at @ =1, the PLD (2.4) reduces to Lindley distribution introduced by Lindley (1958) having pdf

and cdf”

f,(x6)= 1+x)e? ;x>0,0>0 (1.7)
ox —0x
F(x6)=1-| 1+—— e ;x>06> 0 (1.8)
g+1
It should be noted that the Lindley distribution is a convex combination of exponential (g)and gamma
(2,6) distributions with their mixing proportion % ThePLDisa power transformation of Lindley
6+1

distribution and having two parameters gives better fit than the one parameter Lindley distribution for
modeling lifetime data of various nature because the additional parameter has enough flexibility to have
different shapes. Lindley distribution has been studied in detail by Ghitany et al (2008).2. Lindley
distribution has been extended, generalized and modified by many researchers including Zakerzadeh
and Dolati (2009), Nadarajah er a/ (2011), Deniz and Ojeda (2011), Bakouch et al (2012), Shanker and
Mishra (2013 a, 2013 b), Shanker and Amanuel (2013), Shanker er a/(2013), are some among others.>16

The main motivation of considering Power Shanker distribution (PSD) are (1) power Lindley
distribution, a power transformation of Lindley distribution gives better fit than the Lindley distribution
(2) the Shanker distribution gives better fit than the Lindley distribution and the Power Shanker
distribution (PSD), a power transformation of Shanker distribution having two parameters is expected to
give better fit than both Lindley and PLD. Keeping these two reasons in mind it is of interest and
expected that PSD will give better fit than Shanker distribution, Lindley distribution and PLD.

In this paper an attempt has been made to obtain power Shanker distribution (PSD) which includes
Shanker distribution as a particular case. The natures of its pdf, cdf and hazard rate functions have been
discussed graphically. Moments and moments based measures including coefficients of skewness and
kurtosis has been obtained. The stochastic ordering of PSD has been discussed. The maximum likelihood
estimation has been discussed for estimating its parameters. The goodness of fit of PSD has been shown
by an example and the fit has been compared with one parameter exponential, Lindley and Shanker

distributions and two-parameter Power Lindley distribution (PLD).

I POWER SHANKER DISTRIBUTION

Assuming the power transformation X =Y¥* in (1.1), the pdf of the random variable x can be obtained as

f,(x6,a) :(Haz—izl)x"'l(9+ x")e‘gxa x>0,8>0a>0 (2.1)
=pg,(x6,a)+(1-p)g,(x:6.2) 2.2)

177



Rama SHANKER et al. Turkiye Klinikleri ] Biostat 2017;9(3):175-87

where
92
P

9, (x0,a)=a8xe? ;x>0
9,(x6,a)=a6x* e ;x>0

We would call the density in (2.1) a power Shanker distribution (PSD). It can be easily shown that PSD
is a two- component mixture of Weibull distribution (with shape parameter gand scale parameter 6),

and a generalized gamma distribution (with shape parameters 2, a and scale parameter) with mixing

6 +1
combination of Weibull(q,¢) and generalized gamma (2,a,6) distributions with mixing proportion

proportion = & . Like Lindley distribution, Shanker distribution and PLD, PSD is also a convex

2

pzﬁ’ which is different from the mixing proportion of PLD. The corresponding cumulative
distribution function of PSD (2.1) can be obtained as

. — ox’ -Ox7 .
F4(x,9,a')—1{l+m}e€ x> 08> 0a> ( (2.3)
The nature of the pdf of PSD for varying values of parameters has been shown in Figure 1. It is obvious
from the pdf plot of PSD that it takes different shapes including monotonically decreasing, positively
skewed, negatively skewed, and symmetrical with platykurtic, mesokurtic and leptokurtic curves for
varying values of parameters. This means that it is applicable for modeling data of various natures. The

nature of the cdf of PSD for varying values of parameters has been shown in Figure 2.
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FIGURE 1:pdf plots of PSD for varying values of parameters. 8 and .
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FIGURE 2: cdf plots of PSD for varying values of parameters 8 and .
I SURVIVAL AND HAZARD RATE FUNCTIONS
The survival function, S(X) and hazard rate function, h(X) of PSD can be obtained a
(92 +1) +ox° —6x7
S(x)=1-F(x;8,a)=| *——F——1¢% x>06>0a>0
6 +1
f(x cr6?2(6?+x"’)x""1
9. ;x>0,>0,a>0 (3.1)

h(x) = =
() S(x) (92+1)+9x"
The behavior of h(X) at X=0 and X =00, respectively, are given by

00 if0<a<1l

0 ifa <1
& , and " )
h(0)= = ifa =1 h(ew) =16 ifa =1
1 w  ifa>l
0 ifa>1

The nature of hazard rate function of PSD has been shown graphically for varying values of its

parameters and presented in Figure 3.
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FIGURE 3: Hazard rate function of PSD for varying values of parameters 6 and a.

I MOMENTS AND RELATED MEASURES

Using the mixture representation (2.2), the I th moment about origin of PSD can be obtained as

4 =E(X")= pTx’g3(x; g,a)dx+(1- p)Tx’g4(x;9,a)dx
0 0

:rr(;j(92+r+a)

a0’ (67 +1)

r=123,... (4.1)

It should be noted that ata =1, the above expression will reduce to the I th moment about origin of

Shanker distribution (1.1) and is given by
, (g2 +r+a)

= 9’(92+1) r=123,..

Therefore, the mean and the variance of the PSD, respectively, are obtained as
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. r(;)(ez +a+1)

U g (geT)

2 2r( )(92+a+2) a*(6°+1)- ( ( D (92+a+3)

o =
a‘g?e (67+1)°

The mean and the variance of PSD reduce to the corresponding mean and the variance of Shanker
distribution given in (1.3) and (1.4) at @ =1. The skewness and kurtosis measures of PSD, upon
substituting for the raw moments, can be obtained using the expressions

T _ T 3 T ! r
Skewness w and Kurtosis = e ~4H+ ?1“2 ©-3u
o o

I STOCHASTIC ORDERING

Stochastic ordering of positive continuous random variables is an important tool for judging their

comparative behavior. A random variable X is said to be smaller than a random variable Y in the

i) stochastic order (X <, Y) if F, (x)2F, (%) for all X
(if)  hazard rate order (X < Y)if h, (x)=h, (x) forall X
(iii) mean residual life order (X Sl Y) ( ) ( )for all X

(iv) likelihood ratio order (X <, Y) if fx(X) decreases in X.

f(x)

The following important interrelationships due to Shaked and Shanthikumar (1994) are well known for

establishing stochastic ordering of distributions.!”

X<, Y= X<, Y= X<, Y
U

X<gY

The PSD is ordered with respect to the strongest ‘likelihood ratio’ ordering as established in the

following theorem:
Theorenr. Let X L PSD(4,,a,) and Y U PSD(QZ,aZ). Ifg,>6, and a,=a,(or a,<a, and g,=6,) then

X<, vand hencex <, Y, X<,  YandX < Y.

mrl

Proof We have

2 2 a
fe(x) _ 0’101 (02 +1) (5 ( 91 + x* Je_(glxal_gzxaz) x>0

f(x) azgzz(glz_l_l) 92 + X2
Now
676, +1
In ffx(><)=|n e ( 2 * ) +(a,~a,)Inx+In f+x" —(glxal_gzxaz)
v (%) 0’2622 (912 +1) 02+XH2
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This gives

-1 a. ata arta;1
d . al—a2+(0’192X1 —a 0x" ) (a'x1 g X 2)

dx 0 X (6,+x)(6,+x)
- (aﬂlx"1 - azé?zx"fl)

Thus, for g >4, anda,=a, (or g,<q, and g=¢,), i|nffx_((X))<0. This means that x < vyand hence
dx M '
X<, Y, X<, Yandx <, V.

I MAXIMUM LIKELIHOOD ESTIMATES OF PARAMETERS

Let (Xu X5, X35 o ,Xn) be a random sample of size N from PSD (49, a ) Then natural log-likelihood

function is given by

InL:iInf(x)
=n[2|n<9+Ina—ln(<92+1)J+(a—1)iZl In(xi)+i2i'1 In(<9+ xi”)—Hilei”

The maximum likelihood estimates (MLEs) (é,d) of (6’,0') of PSD (2.1) are the solutions of the

following equations

alnL 2n_ 206 < S
360 6 &+ 1+Z(9+)g) le)‘ =0

o = () S -3 () =0

These two likelihood equations do not seem to be solved directly because these cannot be expressed in
closed form. However, Fisher’s scoring method can be applied to solve these equations iteratively. For,
we have

inL__2n 2(¢-1) & 1

07 & (e#+1) = (0+x°)

oo os e o)y

oa a = (9+)§ )2 i=1

ZlogL_ 3 XIS ¢ (in(x)

08da i=1 (6?+)g ) i=1

The MLEs (é, a ) of (9, a ) of PSD (2.1) are the solution of the following equations
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a’InL  d%InL ainL
068>  00da 6-6,|_| a6
d*InL 9L L?—aj_ dlnL
0000 9a’® |-, oa %6

These equations can be expressed in iterative form as

-1

9’InL 9%InL alnL
{é}_[a)} 06 0680a 20
gl |la,] |9%InL a2InL dlnL
000a  9a® | o Oa 14

where g anda,are initial values of & and a. These equations are solved iteratively till sufficiently close

estimates (up to fifth decimal places) of § andd are obtained. In this paper, R-software has been used to

solve above equations to estimate the parameters 8 and « for the considered example. It should be noted
that here quadratic convergence criteria has been used to get the estimates of the parameters.

I A NUMERICAL EXAMPLE

In this section, the goodness of fit of PSD using maximum likelihood estimates of parameters to a real
data set has been discussed and the fit has been compared with one parameter exponential, Lindley and
Shanker distributions and two-parameter PLD. The following data set has been considered for the
goodness of fit of the proposed distribution.

The data set represents remission times (in months) of a random sample of 128 bladder cancer patients
reported in Lee and Wang (2003).18

0.08 209 348 487 694 866 1311 2363 020 223 352 498
697 902 1329 040 226 357 506 709 922 1380 2574 050
246 364 509 726 947 1424 2582 051 254 370 517 7.28
974 1476 631 081 262 382 532 732 10.06 1477 3215 2.64
388 532 739 1034 1483 3426 090 269 418 534 759 10.66
1596 36.66 105 269 423 541 762 1075 16.62 43.01 1.19 275
426 541 763 17.12 4612 126 283 433 549 766 1125 17.14
79.05 135 287 562 787 1164 1736 140 3.02 434 571 793
11.79 18.10 146 440 585 826 1198 19.13 176 325 450 6.25
837 1202 202 331 451 654 853 1203 2028 202 336 6.76
12.07 21.73 207 336 693 8.65 12.63 22.69

In order to compare the goodness of fit of the considered distributions values of-2InL, AIC (Akaike
Information Criterion) and K-S Statistic (Kolmogorov-Smirnov Statistic) for the real data set have been
computed using maximum likelihood estimates and presented in Table 1. The formulae for computing
AIC and K-S Statistic are as follows:
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, where k= the number of parameters, N= the sample size, (x)

AIC=-2InL+2 and , _ supF, (x) - F, (x)

is the empirical (sample) cumulative distribution function and Fy(x) 18 the theoretical cumulative

distribution function. The best distribution is the distribution corresponding to lower values of -2InL,
AIC, and K-S statistic.

TABLE 1: MLE's, -2In L, AIC, and K-S Statistic of the fitted distributions of data set.

Model ML Estimates Standard Error -2iInL AIC K-S Statistic
PSD 0 =0.3521¢ 0.03914 819.83 823.83 0.878

& =0.78821 0.04318
PLD 0=0.2948¢ 0.03698 822.11 826.11 0.887

& =0.83487 004731
Shanker 0=0.21415 0.01308 841.68 843.68 0.908
Lindley 0=0.1991< 0.01253 833.79 835.79 0.901
Exponential 0 =0.1085¢ 0.00959 824.38 826.38 0.868

It is obvious from the goodness of fit of two-parameter PSD and PLD, and one parameter exponential,
Lindley and Shanker distributions in Table 1 that PSD gives better fit and hence it can be considered as

an important model for modeling lifetime data from biomedical science and engineering.

The variance-covariance matrix and the 95% confidence intervals (CI) for parameters & and @ of PSD

are presented in Table 2.

TABLE 2: Variance-covariance matrix and the 95% confidence intervals for parameters & and & of PSD.
Parameters Variance-Covariance Matrix 95% CI
9 & Lower Upper
] 0.001532 -0.001426 0.280818 0.434425
G -0.001426 0.001865 0.705159 0.874550

The profile of the maximum likelihood estimates of parameters & and & of PSD has been shown

graphically in Figure 4.

25

FIGURE 4: Profile of the maximum likelihood estimates of parameters 6 and a of PSD.
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The fitted plot of the distributions for the considered data set has been shown in the Figure 5.

Fitted plot of distributions

— PSD

---- PLD

-------- Shanker
Lindley
Exponential

000 005 010 015

FIGURE 4: Fitted plot of the distributions for the data set.

I CONCLUDING REMARKS

In the present paper a two-parameter power Shanker distribution (PSD) which includes Shanker
distribution introduced by Shanker (2015) as a particular case has been proposed.! Its important
statistical properties including shapes of the density, hazard rate function, moments, skewness and
kurtosis measures have been discussed. The stochastic ordering of the PSD has been established.
Maximum likelihood estimation has been discussed for estimating its parameters. Goodness of fit of PSD
has been discussed with a real lifetime data set and the fit shows a quite satisfactory over two-parameter
PLD and one parameter Shanker, Lindley and exponential distributions.
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