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Closed Form Methods to
Compare Two Independent

Proportions for Clustered Data

AABBSS  TTRRAACCTT  OObbjjeeccttiivvee::  Many medical researches involve the collection of multiple observations for
each subject studied. The statistical literature typically refers to such data as “clustered data”. In
order to compare two proportions estimated from independent samples, chi-squared test can be
used. However, this test is not appropriate for clustered data since it doesn’t take the dependencies
among observations within the same cluster into account. According to simulation studies, when
the within-correlation coefficient is positive, ignoring the correlation results in inflation to Type I
error rate. So, methods taking the within-cluster correlation into account should be used to perform
chi-square test in clustered data. MMaatteerriiaall  aanndd  MMeetthhooddss::  In this study, closed form methods for chi-
square test to compare the proportion of decayed tooth estimated from independent samples (pub-
lic and private school) and Mantel-Haenzel chi-square test supposing that age can be a confounder
for the proportion of decayed tooth, will be introduced and applied on an ophthalmology data. RRee--
ssuullttss:: According to the results, although there were significant differences between the proportion
of decayed tooth among the selected public and private schools at standard chi-squared test
(p=0.047), this difference was not significant at methods which was adjusted to the clustered binary
data (p>0.05). When the Mantel-Haenszel chi-square test adjusted for age was applied, the p value
associated with standard Mantel-Haenszel test was 0.06 and those for the adjusted methods were
0.497 and 0.351. CCoonncclluussiioonn::  When comparing two independent proportions for clustered binary
data, methods taking the within-cluster correlation into account should be used. 

KKeeyy  WWoorrddss::  Clustered data, intracluster correlation, chi-squared test, mantel-haenszel test

ÖÖZZEETT  AAmmaaçç::  Tıp alanında yapılan çalışmaların çoğunda, bir denekten birden fazla ölçüm alınır.
İstatistik literatüründe bu tür veriler “kümelenmiş veri” olarak adlandırılır. Bağımsız gruplardan
tahmin edilen iki oranın karşılaştırılmasında ki-kare testi kullanılabilir. Ancak bu test, bir kümedeki
ölçümler arasındaki bağımlılık yapısını hesaba katmadığından kümelenmiş veriler için uygun
değildir. Yapılan benzetim çalışmaları, bağımlılık varsayımının bozulmasının, küme içi pozitif
korelasyon varlığında I. tip hata oranında artışa neden olduğunu göstermiştir. Bu nedenle
kümelenmiş verilerde ki-kare testinin uygulanmasında küme-içi korelasyonu dikkate alan
yöntemler kullanılmalıdır. GGeerreeçç  vvee  YYöönntteemmlleerr::  Çalışmamızda, kümelenmiş verilerde bağımsız
örneklemlerden (devlet ve özel okul) elde edilen çürük diş oranlarının karşılaştırılmasında ki-kare
testi ve yaş değişkeninin çürük diş oranları üzerinde karıştırıcı etkisinin olabileceği düşüncesi ile
Mantel-Haenszel testi için iteratif olmayan yöntemler tanıtılmış ve diş hekimliği alanından bir veri
seti üzerinde uygulanmıştır. BBuullgguullaarr::  Elde edilen sonuçlar standart ki-kare testinden elde edilenle
karşılaştırıldığında standart ki-kare testinde, seçilen devlet ve özel okul için çürük diş oranları
arasında anlamlı farklılık bulunurken (p=0.047), kümelenmiş veriler için geliştirilmiş yöntemlerde
bu farklılık ortadan kalkmıştır (tüm yöntemler için p>0.05). Yaş değişkeni karıştırıcı değişken olarak
alınarak Mantel-Haenszel testi uygulandığında, standart Mantel-Haenszel testi için p değeri 0.06
iken, düzeltilmiş yöntemler için p değerleri 0.497 ve 0.351 olarak tespit edilmiştir. SSoonnuuçç::
Kümelenmiş verilerde bağımsız iki oranın karşılaştırılmasında, küme içi korelasyonu dikkate alan
yöntemler kullanılmalıdır.
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Group i (i=1,2)

Number of event Number of observation Cluster-specific event rate  

Cluster j (j=1,…,mi) (xij) (nij)

1 xi1 ni1

2 xi2 ni2

… … … …

mi

Total xi ni

TABLE 1: Main notations.
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he most common problem encountered in
many medical studies is the incorrect statis-
tical analysis of multiple observations taken

from the same subject. While observations from
the different subjects can be considered statistically
independent, different observations from the same
subject are correlated. The actual correlation varies
from study to study and measurement to measure-
ment. This data structure is called as “clustered
data” in statistical literature.    

Clustered data occur frequently in several
fields of studies. For example, in periodontal stud-
ies, observations can be taken from multiple sites
(gums, teeth or tooth surfaces) on each subject. In
ophthalmologic studies, the subject again is the
cluster, but two eyes are measured, for example;
the presence of uveitis can be exposed by consid-
ering either or both eyes of a patient with Behçet’s
disease. In teratologic studies the litter is the clus-
ter, but measurements are taken from each animal
in the litter, for example; in comparison of the sur-
vival rate of animals in a treatment group to the
corresponding rate in a control group, each animal
in the litter is considered. A special class of the
studies is community intervention trials in which
medical practices, factories, or entire cities are
taken as cluster. 

Conventional statistical methods are not ap-
propriate for clustered data, since they do not take
into account the dependencies among observations
within the same cluster. Therefore, several statisti-
cal methods have been proposed in the literature.
Some of these are based on likelihood inference

and called “likelihood ratio (LR) methods”. They
require parametric model assumptions for the in-
tracluster correlation -for example beta-binomial
model,1-3 the correlated-binomial model4, the mul-
tiplicative-binomial model,5 and the correlated
probit regression model.6

Liang and Zeger7 introduced a class of gener-
alized estimating equations (GEE), based on mo-
ment methods that provide consistent estimates of
regression parameters and their variances in the
context of generalized linear models making no
distributional assumptions. However, to make reli-
able estimates, these methods require fairly large
sample sizes (more than 40 clusters per group). An-
other shortcoming of them is the requirement for
computationally intensive iterative solution.

In our study, closed form methods for com-
paring two proportions and Mantel-Haenzel chi-
square test for comparing two proportions
estimated from independent observations in a se-
ries of 2x2 tables of clustered binary data will be
introduced with illustrative applications.

METHODS COMPARED 
We restrict our investigation in this paper to the
comparison of proportions in two groups, but ex-
tensions to more than two groups are straightfor-
ward. The main notations for the methods
discussed below are given in Table 1.      

We further define “overall event-rate” as
,            , “average cluster size” as                   , total
number of cluster as        and total number of ob-
servations as           . 



METHODS FOR SINGLE 2X2 TABLES

Method Based on Direct Adjustment of 
Pearson Chi-Squared Statistic

Extending the Brier method,8 Donner&Banting9

and Donner10 proposed an adjustment for Pearson
chi-squared statistic which depends on clustering
effects computed seperately in each treatment
group. Following a one degree of freedom chi-
square distribution, this statistic is given by

,                                            (1)

where               is an estimate of the clustering
effect in group i, i=1,2. Here,      is the second mo-
ment for cluster sizes. 

The estimator   referred to as the “analysis of
variance” estimator for intracluster correlation co-
efficient ρ is given by 

(2)

,  

The mean square errors MSC and MSE meas-
ure the variation in response among and within
clusters, respectively. If responses within a cluster
are no more similar than responses within different
clusters, then MSC=MSE,    =0 and Ci=1, so χ2

A re-
duces to the standard Pearson chi-squared test sta-
tistic. If all responses within a cluster are
identically same, then MSE=0 and    =1.

This method assumes that clustering effects
are homogeneous across groups. Under the as-
sumption that the intracluster correlation coeffi-
cient is positive, p value computed from the
standard Pearson chi-squared test is likely to be
biased downward and so the difference between
proportions may not be statistically significant at
the 5 percent level. The magnitude of the bias as-
sociated with the standard Pearson chi-squared
test statistic increases with both the value of     and             

.       

Methods Based on Ratio Estimate Theory

Rao and Scott11 proposed a method for testing null
hypothesis that regards the observed event rate  
as ratios rather than proportions. However, the es-
timated clustering effects in each group are devel-
oped quite differently. If observations rather than
clusters were the unit of allocation, then the esti-
mated variance of    would be given by the usual
binomial expression . However

tends to underestimate the true variance of  
if the unit of allocation is an intact cluster. If 

is regarded as a ratio, an appropriate variance esti-
mate is obtained from standard sample survey the-
ory12 as                                         where .
The estimated clustering effects in each grup are
defined as                           . Let “effective sample
size in each group”              , “the effective number
of event”                , “effective event rate”  
and “the overall event-rate”                   . The re-
sulting test statistic is obtained by substituting
these quantities in the standard Pearson chi-
squared statistic,

(3)

The statistic makes no assumptions concern-
ing the nature of the clustering, and, in particular,
does not assume that the population clustering ef-
fects in the two comparison groups are equal. How-
ever, the number of clusters in each group must be
large in order to ensure that χ2R follows a one de-
gree of freedom chi-square distribution under H0.

Rao and Scott also proposed a version of χ2R
which depends on a pooled estimate of an assumed
common clustering effect. The resulting statistic is
given by χ2

RP= χ2
P/d where 

Other Simple Methods

Another simple method is to apply the “standard
two-sample t test” to the clustered binary data. In
this method using event rates for each cluster,
mean event rates are obtained and compared. Test
statistic yields a t distribution with a (m1+m2-2) de-
gree of freedom.            
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The main assumption of this method is that
cluster-specific event rates are normally distributed
with homogeneous variance. However, a theoreti-
cal objection that may be raised against this method
is that this assumption will not be true, if cluster
sizes are fairly different. Nevertheless, simulation
research has shown that t test is remarkably robust
to violations of the underlying assumptions and the
resulting P values are likely to be accurate to a rea-
sonable approximation.13 As another objection, this
method completely ignores any variation in clus-
ter size, giving each of the observed event rates
equal weight. Not being able to make inference
about odds ratio is final objection of two-sample t
test.

In case of the lack of applicability of two sam-
ple t test, a nonparametric approach; Wilcoxon
rank-sum test may be used. In this method, two
samples are pooled and the cluster-specific event
rates are ranked by size. This method is valid even
in small samples. However, the rank-sum test ig-
nores not only the variation in cluster size, but also
the actual magnitudes of event rates. Also, if the
number of clusters per group is less than four,
achieving statistical significance at p< 0.05 is im-
possible for two-tailed tests, regardless of the mag-
nitude of treatment effects. 

METHODS FOR MULTIPLE 2X2 TABLES

In this section, we focus on analyzing data that can
be summarized in a series of 2x2 tables. In such an
analysis, we are concerned with detecting an asso-
ciation between a binary response measurement
and a binary exposure, stratified across levels of a
third, categorical covariate. To describe the
strength of the association between response and
exposure, it is common to report the odds ratio
(OR).

For clustered binary data, Donald and Don-
ner,14 Donner and Banting,9 Rao and Scott,11 Zhang
and Boos15 and Liang16 have developed simple cor-
rections to standard Mantel-Haenszel test.17,18

These approaches are limited, however, because
they assume that the exposure and covariate infor-
mation collected does not vary from observation to
observation. In contrast, regression-type appro-

aches such as GEE method7 or random-effects ap-
proaches19-21 can handle observation-specific covari-
ates. While more flexible, these complex methods
may be difficult to apply in practice due to compu-
tational problems. As an alternative of these com-
plex methods, Begg22 and Begg and Panageas23

proposed a closed-form method whether the co-
variates are cluster-specific or observation-specific.24

If we consider a series of K 2x2 tables with fixed
row totals (n1k, n2k), number of event (x1k, x2k) and
number of non-event (y1k, y2k) with associated
event rates (p1k, p2k), k=1, … , K. It is of interest to
test the null hypothesis H0:ψ=1, assuming a common
odds ratio ψ= (p1kq2k)/(p2kq1k) where qik=1-pik,
i=1,2. Under the assumption that xik’s are independ-
ent binomial variables B(nik, pik), well-known Man-
tel-Haenszel chi-square statistic is given by:

(4)

where xk= (x1k + x2k), yk= (y1k + y2k), nk= n1k + n2k.
χ2

MH is asymtotically (as nik→∝ for each i, k) χ2 with
1 degree of freedom.

In this paper, because of their simplicity, we
will introduce “Rao and Scott” and “Donald and
Donner” approaches. 

Rao and Scott approach is based on the clus-
tering effects for each group (di), mentioned in Sec-
tion 2.1.2. According to this approach, adjusted
Mantel-Haenszel chi-square statistic, χ2

MH(R), as χ2

with one degree of freedom, is now obtained by re-
placing (xik, nik) with in (4), where
and                   .  

In Donald and Donner approach, the correc-
tion factor Cn to adjust sample sizes implicit in the
Mantel-Haenszel statistic is used. When cluster size
(n) is constant, the adjusted factor Cn is defined as
1+(n-1)ρ. Donald and Donner also provided for-
mulae of the adjusted chi-square test in the imbal-
anced setting where c luster size varies. The
correction factor for group i of stratum k is the
weighted mean in the chi-square statistic: 
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(5)

where                   ,                                    and Dink
(n=1, … n) denotes the number of clusters of size n
in group i of stratum k.  

AN EXAMPLE 
As an example, we consider data arising from a pe-
riodontal study conducted by Tulunoğlu et al.25 In
this experiment, a public and a private school in
Ankara were randomly selected to compare the
proportion of decayed tooth. The aim of the inves-
tigation is to test whether the proportion of de-
cayed tooth among public school                   is
significantly different from the corresponding pro-
portion among private school                         . 

The Pearson chi-square statistic is inappropri-
ate for these data, since the responses of teeth
within a mouth are more likely to the similar than
responses of teeth in different mouth. The magni-
tude of within-mouth correlation is             .  

In our study, the number of cluster is large for
each school (m1=78; m2=92), degree of variation in
cluster size is small (for public school the range is
(16,24) and for private school the range is (17,24)
and degree of intracluster correlation are relatively
small for each school (           ,             ). Since the
type of our study is an observational study and the
ratio estimate reaches its optimal performance
under the conditions which are hold in our study,
usage of ratio estimate chi-square test is more ap-
propriate than other methods we discussed. The
values of all test statistics discussed above are pre-

sented in Table 2 whether they are appropriate or
not. 

It is interesting to note that the value of Pear-
son chi-square is the only one that shows at 5% sta-
tistical significance levels. The P values for other
methods vary between 0.108 and 0.294 indicating
that there is no difference between the proportions
of decayed tooth for public and private school.      

Although the distiribution of the proportion
of decayed tooth for each school was not normal,
the P value obtained from two-sample t test was
very close to that of other methods. This property
of two-sample t test which was pointed out in other
studies was proven in our study also.        

Starting out the point that age could be a con-
founder for the difference between the propor-
tions, we applied Mantel-Haenszel chi-square test
adjusted for age. The data are reported in Table 3,
classified by school (public school denoted by i=1
and private school by i=2) and age {age=7 (k=1),
age=8 (k=2)}. 

The number of mouth, mik, varied from 30 to
62. We computed clustering effect as d11=3.896,
d12=2.841 for public school and d21=3.612,
d22=3.853 for private school. We computed also in-
tracluster correlation coefficients as ρ11=0.142,
ρ12=0.079 for public school and ρ21=0.128,
ρ22=0.119 for private school. 

The question of interest is whether the pro-
portion of decayed tooth among public school is
different from the corresponding proportion
among private school. We obtain the observed val-
ues of χ2

MH, χ2
MH(R) and χ2

MH(A) as 3.58, 0.462 and 0.87
respectively. While the P value associated with

Method Test statistic P

Standard Pearson chi-square test χ2
p= 3.945 0.047

Adjusted chi-square test χ2
A= 1.100 0.294

Ratio estimate chi-square test χ2
R= 1.111 0.292

Pooled ratio estimate chi-square test χ2
RP= 1.106 0.293

Two-sample t test t=1.251 0.213

Nonparametric approach- Wilcoxon rank-sum test z=1.608 0.108

TABLE 2: Summary of results.
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Age School No.of mouth  No.of decayed tooth Total no. of tooth Proportion of decayed tooth Odds ratio

Age=7 Public 43 111 922 0.120 1.47

Private 62 111 1303 0.085

Age=8 Public 35 88 813 0.108 0.96

Private 30 80 711 0.113

TABLE 3: Summary of data for Mantel-Haenszel test.

standard Mantel-Haenszel statistic is 0.06, 0.497 for
Rao-Scott MH statistic and 0.351 for Donald-Don-
ner MH statistic. Although all statistics indicate
non-significant school difference, effect of adjust-
ment on P values is striking. 

DISCUSSION
The aim of many researches is to compare the
event rates of individuals in each of several groups
that have a certain characteristics. In our study, we
have presented closed-form methods for clustered-
binary data to compare two event rates estimated
from independent groups. These methods include
adjusted chi-square test, ratio estimate chi-square
test, pooled-ratio estimate chi-square test, two-
sample t test and Wilcoxon rank-sum test-non-
parametric approach for single 2x2 tables and
Mantel-Haenszel tests for multiple 2x2 tables.  

The different areas of usage for these methods
will be discussed under the light of results in dif-
ferent studies. 

It is recommended on that the choice of
method should depend on whether the study is ex-
perimental or observational. Experimental studies
in which the assignment of clusters to different
groups is random, assure the validity of assumption
of a common population design effect. So, adjusted
and pooled ratio estimate chi-square tests which re-
quire this assumption are appropriate for these
studies. Brier8 points out that these tests provide
adequate results even if the design effects are mod-
erately different. 

However, for observational studies, assump-
tion of a common population design effect doesn’t
hold generally. In this situation, usage of ratio es-
timate chi-square test, GEE and LR methods are
recommended. Among the closed form methods,

ratio estimate chi-square test is well suited to non-
randomized studies, particularly those involving
systematic differences in mean cluster size from
group to group. This method reaches its optimal
performance when the number of cluster is large;
degree of variation in cluster size and degree of in-
tracluster correlation are relatively small for each
group.12 Also, adjusted chi-square test can be used
in observational studies under the assumption of
equal intracluster correlation coefficients. When
this assumption is violated, this test is recom-
mended only when the two groups have an equal
number of clusters. Evidence exists that the differ-
ent cluster size distributions do not seriously affect
the validity of the adjusted chi-square test.26 As few
as 10 clusters per group is enough to ensure the va-
lidity of adjusted chi-square test and this can be
thought as an advantage of this test compared to
ratio estimate chi-square test. 

A particular class of the studies is community
intervention trials, in which the number of cluster
per group is too small (often 10 or less), but the
number of observation is relatively large, such as
schools, factories, or entire communities. Because
of these properties of such studies, only two-sam-
ple t test may be applied safely with as few as three
clusters per group even though individual event
rates are not likely to be normally distributed. Also,
the non-parametric procedure can be used if the
number of clusters per group is at least four. The
principal disadvantage of the t test relative to other
procedures is that it does not reduce to standard
methods for testing H0: P1=P2 in the absence of
clustering. It doesn’t yield results more inter-
pretable on an odds ratio scale while other proce-
dures, such as the adjusted chi-square tests and the
GEE approach do.  
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