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Survival analysis is frequently used in medical studies. A comparison of two survival functions with 

censored observations is one of the main goals in survival analysis. Log-rank (LR), the most commonly used 

test in the literature, has the greatest power while the proportional hazards assumption is valid during the fol-

low-up period.
1
 On the other hand, LR may lose power when two survival functions cross each other since 

the initially determined positive differences between survival functions are neutralized by later calculated 
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ABSTRACT Objective: Testing the equality of two survival func-

tions is frequently used in survival analysis studies. The most pre-
ferred method in the literature is the log-rank (LR) test, but it pro-

vides misleading results in evaluating the crossing survival func-

tions in which the proportional hazards assumption is violated. 
Therefore, different comparison tests have been proposed. In this 

study, currently proposed partitioned LR tests and weighted Lin-

Wang tests were compared with LR and weighted LR tests. Mate-

rial and Methods: Type I error rates and powers of comparison 

tests were compared in different sample sizes and censoring rates 

using the Monte Carlo simulation technique. The weaknesses and 
strengths of the comparison tests were examined in various scenar-

ios. In addition to the simulation study, comparison tests were 

evaluated using open source real-life data set. Results: Simulation 
results showed that all tests provided reasonable Type I error rates. 

The most successful results in the scenarios of crossing survival 

functions belonged to partitioned LR tests. It was observed that the 
location of the crossing point affected the performance of the tests 

adversely. Conclusion: Proportional hazards assumption should be 

tested before comparing two survival functions. It is recommended 
to use the LR test, when the proportional hazards assumption is 

provided and the use of partitioned LR tests in the comparison of 

crossing survival functions. 
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ÖZET Amaç: İki yaşam fonksiyonunun benzerliğinin araştırılması 

yaşam analizi çalışmalarında sıklıkla kullanılmaktadır. Literatürde, 
en çok tercih edilen yöntem log-rank (LR) testidir ancak bu yöntem 

orantılı hazardlar varsayımının ihlal edildiği kesişen yaşam fonksi-

yonlarını değerlendirmede yanıltıcı sonuçlar sunmaktadır. Bu ne-
denle kesişen yaşam fonksiyonlarını değerlendirmek için literatürde 

farklı karşılaştırma testleri önerilmiştir. Bu çalışmada, literatürde 

önerilen güncel yöntemlerden parçalanmış LR testleri ve 
ağırlıklandırılmış Lin-Wang testlerinin, LR ve ağırlıklandırılmış LR 

testleri ile karşılaştırılması amaçlanmaktadır. Gereç ve Yöntemler: 

Monte Carlo simülasyon tekniği kullanılarak, karşılaştırma testleri-
nin Tip I hata oranları ve güçleri, farklı örneklem büyüklükleri ve 

sansür oranlarında karşılaştırıldı. Karşılaştırma testlerinin zayıf ve 

güçlü yönleri çeşitli senaryolarda incelendi. Simülasyon çalışması-
na ek olarak, karşılaştırma testleri gerçek hayattaki bir veri seti üze-

rinde değerlendirildi. Bulgular: Simülasyon sonuçları, tüm testlerin 

makul Tip I hata oranları sağladığını gösterdi. Kesişen yaşam fonk-
siyonlarına ait senaryolarda en başarılı sonuçlar parçalanmış LR 

testlerine aitti. Kesişme noktasının konumunun, karşılaştırma testle-

rinin performansını olumsuz yönde etkilediği gözlendi. Sonuç: 
Orantılı hazardlar varsayımı, 2 yaşam fonksiyonu karşılaştırılmadan 

önce test edilmelidir. Orantılı hazardlar varsayımı sağlandığında LR 

testinin, kesişen yaşam fonksiyonlarının karşılaştırılmasında ise 
parçalanmış LR testlerinin kullanılması önerilmektedir. 
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negative differences.
2
 The occurrence of crossing survival functions, which is seen frequently in the survival 

studies, is one of the situations where the proportional hazards assumption is violated. The location of the 

crossing point can be seen in the early or late period of follow-up studies. Therefore, the idea of using one 

comparison test for all situations seems to be inappropriate.
3
 Unfortunately, researchers often use the LR test 

without testing if the proportional hazards assumption is valid.
4-6

 Kristiansen examined 175 studies contain-

ing survival analysis in five reputable journals and found out 47% of the studies included crossing survival 

functions.
 
In the review, 70% of those studies with crossing survival functions were evaluated with the LR 

test.
7
 Suciu et al. reviewed 107 publications that include comparisons of survival functions in a major medi-

cal journal and found that 95 of these publications used the LR test, where 42 of them compared crossing 

survival functions. Researchers think that the inappropriate use of the LR test relies on its availability in 

many statistical packages.
8
 

Various tests are recommended in the literature for comparison of the crossing survival functions. 

Most of these tests were obtained based on differences between the Nelson-Aalen cumulative hazard 

functions or Kaplan-Meier survival function estimators. Generalized Cramer-von Mises tests have been 

proposed by Koziol and Schumacher, especially for censored data sets.
9,10

 Gill developed Renyi type 

tests with weighted tests and mathematical supremum function approach.
11

 The modified Kolmogorov-

Smirnov test is another proposed test for crossing survival functions.
12

 Pepe and Fleming presented 

weighted Kaplan-Meier test to the literature.
13

 Lin and Wang proposed a new test statistic based on 

squared differences at each time point.
14

 Qiu and Sheng constructed a two-stage method to use in the 

case of crossing survival functions.
15

 Kraus developed a group of tests using Neyman's smooth tests.
16

 

Lin and Xu obtained a new test on areas under two survival functions.
17

 Koziol and Jia proposed 

weighted Lin-Wang tests with adding different weight functions to Lin and Wang’s (LW) test.
18

 Liu and 

Yin proposed partitioned LR tests with using weighted LR test statistics by partitioning the data set at 

each time point.
2
 

Some of the aforementioned methods have been evaluated via simulation studies under different 

survival scenarios. The methods proposed by Lin and Wang, and by Lin and Xu performed better  

than LR and Wilcoxon tests in simulation studies under crossing survival scenarios.
14,17

 Tubert-Bitter et 

al. and  Li et al. conducted a simulation study in the cases of early, middle and late crossing survival 

functions.
19,20

 Li et al. conducted a comprehensive simulation study and compared several proposed 

tests for crossing survival functions.
20

 Morever, Liu et al. and Kraus performed simulation studies of 

various patterns of crossing hazard rates and concluded that some of the weighted LR tests lose  

power with respect to the methods they proposed.
15,16,21

 Liu and Yin demonstrated that the methods  

they proposed performed better than some of the weighted LR tests Gehan-Wilcoxon (GW), Tarone-

Ware (TW) and Peto-Peto (PP) and Qiu and Sheng’s method under different crossing hazards scenari-

os.
2,15

 

In this study, we performed simulation studies focusing on some particular crossing points  

since there are a few studies that pay attention to the location of crossing points. Partitioned LR tests 

and weighted LW tests were recently proposed as opposed to each other.
2,18

 In addition to these tests, 

conventional weighted LR tests were included in the study. Monte Carlo simulation  studies were  

conducted under various crossing survival functions scenarios, sample sizes and censoring rates to 

evaluate the power of these comparison tests. The aim of this study was to evaluate the performance of 

the comparison tests for various scenarios and to suggest an appropriate test that would be useful in  

the field of survival analysis. In Section 2; some notations, the comparison tests and details of simula-

tion studies are explained. The simulation results and application of the comparison tests on a real data 

example are given in Section 3. Finally, we present a discussion in Section 4 and conclusions in Section 

5. 
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    MATERIAL AND METHODS 

NOTATIONS AND TWO-SAMPLE HYPOTHESIS 

Let              be the distinct failure times in the pooled sample of two groups, where    is the lat-

est event time and               be the survival function of group j. In this study, the main hypothesis 

that comparison tests deal with is shown below:  

                  for all t  versus                   ,           . 

The Kaplan-Meier estimator of survival function is defined as         for      and        

               for     , where    and    indicates the number of observed failures and the number of 

subjects at risk at     time, respectively.   

COMPARISON TESTS IN THE STUDY 

There are basically three comparison test groups in the study: (1) weighted LR tests, (2) partitioned LR tests 

and (3) weighted LW tests. Among all, weighted LR tests are the most popular tests. It is seen that research-

ers add different weight functions to LR test in order to better reflect their alternative hypotheses such as 

GW, TW, PP, Modified Peto-Peto (MPP) and Fleming-Harrington (FH).
22-27

 Both GW and TW give more 

weight to the difference between the number of events observed and expected at the beginning of the study. 

PP and MPP are alternative approaches for censored data sets. FH provides a wide test class that includes 

most of the tests considered as special cases with the weight function         
 
          

 
        

  .  To focus on the difference both in the beginning and end of the follow-up time, FH (p=1, q=1) situation 

is taken into consideration in this study. In order to obtain a result for two group comparisons, all weighted 

LR test statistics are evaluated with chi-square distribution with one degree of freedom. Even though differ-

ent weight functions offer different approaches, weighted LR tests may fail to detect the difference in the 

case of comparing crossing survival functions due to some cancellation in numerator of the test statistic for-

mula. Therefore some other testing strategies are proposed. 

Liu and Yin proposed partitioned LR tests by using log-rank (SUP-LR) Gehan-Wilcoxon (SUP-GW) 

and Peto-Peto (SUP-PP) throughout the test statistics calculations.
2
 Liu and Yin’s partitioned log-rank tests 

take their name from partitioning the time axis throughout the calculations to solve the problem arising from 

the numerator of the weighted LR test statistic. In order to reduce power loss and prevent arbitrary selection 

of the partitioning point, distinct failure time points of the pooled data set are used. At each failure time 

point, the data set is partitioned into two parts. After obtaining test statistics for each part, they are summed 

and noted. Finally, the largest value of the summed test statistics is determined as partitioned log-rank test 

statistics. Liu and Yin used Brownian motion for the limit distribution of the partitioned log-rank test and 

concluded that it is not easy to calculate the p-value with this approach. For this reason, they proposed an al-

gorithm using nonparametric bootstrap method to obtain the p-value.  

The final comparison test group is weighted LW tests that are originated from LW test. Koziol and Jia 

obtained different comparison tests by adding the weight functions    (    ),     (    ) and   

          (    ) where     indicates the number of observed failures in group 1 at     time.
18

 All tests in 

this group use the sum of the squared differences between the numbers of observed and expected failure ob-

servations over failure time points.  With this approach, all positive and negative differences are considered, 

unlike weighted LR tests. Each test statistic in the group follows a standard normal distribution. Therefore, 

the assessment of the null hypothesis is done with a two-sided test based on the standard normal distribution.  

SIMULATION DESIGN 

Monte Carlo simulations are carried out to evaluate the performance of the tests in the study. All calculations 

during the study are conducted in R Studio v 1.1.463 with using R packages (dplyr, survival,survminer, 
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survMisc).
28-33

 Comparisons are made through the statistical power and Type I error rate. Statistical power 

comparisons are obtained with four following scenarios: (1) two groups with proportional hazard rates, (2) 

two survival functions crossing at the point where S(t)>0.6, (3) two survival functions crossing at      

        and (4) two survival functions crossing at             . Scenario (5) is created to obtain Type I 

error rates. During survival time generation process, Weibull        and exponential        distributions 

are used, where     is the shape parameter,     is the scale parameter and     is the rate parameter. 

To obtain crossing survival functions, survival time generation of group 2 is created by two steps. Detailed 

distribution and parameter values are shown in Table 1. Since survival time units are generated with various 

parameters, different values can be observed on survival time axes in Figure 1. 
 

TABLE 1: Parameter values of distributions used in survival time generation. 
 

 Scenarios 

(1) (2) (3) (4) (5) 

G
ro

up
 1

 

          (2.5,30)                           

G
ro

up
 2

 

         
               

              
 

             

              
 

               

                
        

 

t: Generated survival time. 
 

Throughout the study, uniform (0,1) distribution is used in order to create randomly occurred censored 

observations across the groups. In all simulation studies, censoring rates are determined to be equal in each 

group and considered as 0%, 20%, 40%, 60%. Equal sample sizes (            ) and unequal sample 

sizes (                         ) are determined in each group. To obtain p values for parti-

tioned log-rank tests, 1000 bootstrap samples are employed for each two-group comparison. Type I error 

rates and powers for each scenario are calculated based on 2000 independent replications. The exact power 

of comparison tests is estimated by calculating the proportion of results where the null hypothesis is rejected 

at the         significance level.  
 

 
FIGURE 1: Configurations of survival functions for power simulation scenarios. 
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    RESULTS 

ESTIMATION OF STATISTICAL POWER AND TYPE I ERROR 

Scenario 1. We consider a situation where two survival functions have proportional hazards (see Figure. 

1 A). The estimated statistical power results are presented in Table 2. Power of comparison tests rise with an 

increase in sample size; however, the power of the tests declines with an increase in censoring rate. LR pro-

vides the highest powers among the others. Then it is followed by weighted LR tests. Partitioned log-rank 

tests and weighted LW tests also give high power results. However, they are not as successful as LR and 

other weighted LR tests. In each group, when the sample size is 50 or above and the censoring rate does not 

exceed 40%, the powers of tests are observed above 80%.  

Scenario 2. The power estimations of the comparison tests obtained according to the early crossing sur-

vival functions (S(t)>0.6) scenario (see Figure. 1 B) are shown in Table 3. The increase in the censoring rate 

has the most adverse effect on the estimated power of the GW. When the sample sizes are equal to 50 and 

the censoring rate exceeds 40%, the power suddenly gets close to 52%. More emphasis on events at the be-

ginning of the study makes this test insensitive to differences that occur at later times.  FH presents the high-

est power among the other weighted LR tests. Partitioned log-rank tests and FH give the highest power in 

this scenario and followed by weighted LW test group. In most situations partitioned log-rank tests and FH 

provide powers equal to 100%. 

Scenario 3. For middle crossing                of the survival curves (see Figure. 1 C), it is ob-

served that most of the comparison tests lose power. The results are demonstrated in Table 4. Powers of GW, 

TW, PP and MPP can barely exceed 10%. Even though FH provides the highest powers among the weighted 

LR tests, it is not as successful as partitioned log-rank tests. Though weighted LW tests address the crossing 

survival functions problem, their powers can exceed 80% when the sample sizes are equal to 100 with cen-

soring rates lower than 40%. LW is slightly better when compared to weighted LW tests. Except for the 

sample sizes equal to 50 with a 60% censoring rate, partitioned log-rank tests provide powers higher than 

80%.  

Scenario 4. When considering late crossing                of the survival curves (see Figure. 1 D), 

partitioned log-rank tests provide distinctly high powers. As presented in Table 5, for all sample sizes and 

censoring rates partitioned log-rank tests have results higher than 90%. Weighted LW tests can present 

powers higher than 80% when the sample sizes are equal to 100 with censoring rates lower than 40%. 

     is the most powerful among the LW tests under this scenario. Considering the previous scenarios, 

FH and LR provide smaller powers. LR can’t exceed 10% for any sample sizes and censoring rates. GW 

presents the most powerful results among the weighted LR tests, followed by MPP, PP, and TW, respec-

tively.  

Scenario 5. We investigate Type I error rates of the comparison tests with generating two samples inde-

pendently from an exponential distribution with a hazard rate equal to        . For all sample sizes and 

censoring rates, the estimated Type I error rates are presented in Table 6. Partitioned log-rank tests slightly 

influenced by an increase in censoring rates. This influence is more obvious for unequal sample sizes situa-

tions. The rest of the comparison tests provide the Type I error rate estimations quite close to the nominal 

level 0.05.  
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TABLE 2: Estimated power results of comparison tests for Scenario 1. 
 

        c LR GW TW PP MPP FH SUP-LR SUP-GW SUP-PP LW                

(50,50) 

0% 0.9935 0.9755 0.9900 0.9755 0.9740 0.9870 0.9735 0.9755 0.9745 0.9305 0.9600 0.9575 0.8955 

20% 0.9745 0.9345 0.9655 0.9515 0.9485 0.9610 0.9465 0.9445 0.9465 0.8735 0.9225 0.9180 0.8200 

40% 0.9235 0.8410 0.8945 0.8870 0.8845 0.8675 0.8675 0.8765 0.8735 0.7625 0.8125 0.8095 0.6755 

60% 0.7775 0.6665 0.7355 0.7460 0.7460 0.6950 0.7540 0.7695 0.7560 0.5975 0.6575 0.6410 0.5310 

(100,100) 

0% 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 0.9995 0.9995 0.9990 0.9995 0.9995 1.0000 0.9990 

20% 1.0000 0.9995 1.0000 0.9995 0.9995 0.9990 0.9995 1.0000 1.0000 0.9925 0.9975 0.9980 0.9860 

40% 0.9980 0.9895 0.9965 0.9955 0.9955 0.9935 0.9905 0.9930 0.9930 0.9650 0.9900 0.9880 0.9340 

60% 0.9750 0.9330 0.9645 0.9685 0.9685 0.9295 0.9390 0.9530 0.9435 0.8655 0.9355 0.9210 0.7985 

(40,80) 

0% 0.9985 0.9865 0.9935 0.9865 0.9865 0.9860 0.9895 0.9915 0.9910 0.9945 0.9890 0.9925 0.9880 

20% 0.9840 0.9525 0.9705 0.9610 0.9605 0.9590 0.9630 0.9675 0.9670 0.9690 0.9640 0.9730 0.9465 

40% 0.9355 0.8825 0.9115 0.9070 0.9040 0.8865 0.9175 0.9345 0.9285 0.9145 0.8980 0.9230 0.8675 

60% 0.7985 0.7330 0.7695 0.7745 0.7745 0.7080 0.7715 0.8025 0.7820 0.7670 0.7545 0.7765 0.7015 

(50,100) 

0% 1.0000 0.9975 0.9995 0.9975 0.9970 0.9990 0.9980 0.9975 0.9975 0.9995 0.9990 0.9995 0.9990 

20% 0.9955 0.9860 0.9910 0.9870 0.9870 0.9900 0.9860 0.9900 0.9900 0.9925 0.9890 0.9935 0.9825 

40% 0.9710 0.9320 0.9570 0.9535 0.9525 0.9380 0.9495 0.9620 0.9580 0.9535 0.9465 0.9600 0.9285 

60% 0.8700 0.8045 0.8505 0.8585 0.8585 0.7785 0.8580 0.8700 0.8610 0.8395 0.8455 0.8590 0.7760 

 
Notations are presented as follows:      : sample sizes of two groups; c: censoring rate;  LR: Log-rank; GW: Gehan-Wilcoxon; TW: Tarone-Ware; PP: Peto-Peto; MPP: Modified Peto-Peto; FH: Fleming-Harrington(1,1);  

SUP-LR: Partitioned log-rank; SUP-GW: Partitioned Gehan-Wilcoxon; SUP-PP: Partitioned Peto-Peto; LW: Lin and Wang;     ; LW test weighted by   ;     : LW test weighted by     ;     : LW test weighted by 
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TABLE 3: Estimated power results of comparison tests for Scenario 2. 
 

        c LR GW TW PP MPP FH SUP-LR SUP-GW SUP-PP LW                

(50,50) 

0% 0.9995 0.8820 0.9850 0.8820 0.8710 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 

20% 0.9965 0.8190 0.9545 0.8775 0.8725 1.0000 1.0000 1.0000 1.0000 1.0000 0.9995 1.0000 1.0000 

40% 0.9735 0.6860 0.8850 0.8590 0.8550 1.0000 1.0000 1.0000 1.0000 0.9990 0.9985 0.9995 0.9970 

60% 0.8925 0.5195 0.7260 0.7595 0.7555 0.9960 0.9960 0.9945 0.9950 0.9805 0.9735 0.9795 0.9695 

(100,100) 

0% 1.0000 0.9910 0.9995 0.9910 0.9905 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 

20% 1.0000 0.9740 1.0000 0.9925 0.9920 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 

40% 1.0000 0.9215 0.9965 0.9910 0.9905 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 

60% 0.9935 0.8025 0.9555 0.9705 0.9695 1.0000 1.0000 1.0000 1.0000 0.9995 0.9995 0.9995 0.9975 

(40,80) 

0% 1.0000 0.9360 0.9930 0.9360 0.9355 1.0000 1.0000 1.0000 1.0000 1.0000 0.9995 1.0000 1.0000 

20% 0.9975 0.8365 0.9670 0.9075 0.9035 1.0000 1.0000 1.0000 1.0000 1.0000 0.9960 0.9995 1.0000 

40% 0.9830 0.7395 0.9025 0.8755 0.8700 1.0000 0.9995 0.9995 0.9995 0.9995 0.9825 0.9980 0.9990 

60% 0.8780 0.5780 0.7515 0.7825 0.7765 0.9945 0.9950 0.9950 0.9950 0.9775 0.9060 0.9590 0.9775 

(50,100) 

0% 1.0000 0.9765 0.9995 0.9765 0.9750 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 

20% 1.0000 0.9275 0.9935 0.9695 0.9685 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 

40% 0.9920 0.8265 0.9550 0.9365 0.9355 1.0000 1.0000 1.0000 1.0000 0.9995 0.9945 0.9995 1.0000 

60% 0.9445 0.6700 0.8460 0.8725 0.8700 0.9985 0.9995 0.9995 0.9995 0.9945 0.9545 0.9850 0.9940 

 
Notations are presented as follows:      : sample sizes of two groups; c: censoring rate;  LR: Log-rank; GW: Gehan-Wilcoxon; TW: Tarone-Ware; PP: Peto-Peto; MPP: Modified Peto-Peto; FH: Fleming-Harrington(1,1);  

SUP-LR: Partitioned log-rank;  SUP-GW: Partitioned Gehan-Wilcoxon; SUP-PP: Partitioned Peto-Peto; LW: Lin and Wang;     ; LW test weighted by   ;     : LW test weighted by     ;     : LW test weighted by 
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TABLE 4: Estimated power results of comparison tests for Scenario 3. 
 

        c LR GW TW PP MPP FH SUP-LR SUP-GW SUP-PP LW                

(50,50) 

0% 0.3075 0.0760 0.0795 0.0760 0.0770 0.6625 0.9930 0.9855 0.9850 0.7100 0.4765 0.6235 0.6790 

20% 0.2715 0.0885 0.0815 0.0790 0.0790 0.6825 0.9745 0.9620 0.9650 0.6175 0.4325 0.5555 0.5820 

40% 0.2095 0.0730 0.0630 0.0530 0.0545 0.6575 0.9070 0.8885 0.8980 0.5000 0.3240 0.4335 0.4705 

60% 0.1670 0.0665 0.0685 0.0715 0.0710 0.5520 0.7870 0.7615 0.7775 0.3655 0.2540 0.3215 0.3480 

(100,100) 

0% 0.5855 0.1050 0.1250 0.1050 0.1090 0.9005 1.0000 1.0000 1.0000 0.9590 0.9295 0.9585 0.9370 

20% 0.4880 0.0875 0.0925 0.0620 0.0610 0.9380 1.0000 0.9995 1.0000 0.9140 0.8285 0.8975 0.8735 

40% 0.3755 0.0715 0.0940 0.0665 0.0655 0.9185 1.0000 0.9980 0.9995 0.8110 0.6850 0.7895 0.7510 

60% 0.2875 0.0650 0.0810 0.1005 0.0970 0.8435 0.9700 0.9605 0.9665 0.6535 0.5010 0.6005 0.5935 

(40,80) 

0% 0.2385 0.0435 0.0510 0.0435 0.0455 0.6540 0.9960 0.9940 0.9940 0.6545 0.1040 0.2755 0.6740 

20% 0.2145 0.0420 0.0500 0.0335 0.0350 0.6715 0.9775 0.9720 0.9735 0.5450 0.0870 0.2415 0.5840 

40% 0.1730 0.0435 0.0565 0.0465 0.0460 0.6465 0.9305 0.9270 0.9290 0.4390 0.0865 0.2020 0.4705 

60% 0.1495 0.0340 0.0500 0.0630 0.0620 0.5595 0.8170 0.8305 0.8250 0.3415 0.0735 0.1720 0.3655 

(50,100) 

0% 0.3245 0.0430 0.0535 0.0430 0.0450 0.7600 1.0000 1.0000 0.9995 0.7515 0.1000 0.3470 0.7745 

20% 0.2695 0.0495 0.0640 0.0355 0.0345 0.7740 0.9945 0.9935 0.9945 0.6485 0.1095 0.3100 0.6795 

40% 0.1985 0.0395 0.0495 0.0390 0.0380 0.7580 0.9750 0.9705 0.9740 0.5335 0.0755 0.2290 0.5575 

60% 0.1755 0.0440 0.0630 0.0745 0.0725 0.6430 0.8765 0.8870 0.8850 0.4090 0.0755 0.1905 0.4295 

 

Notations are presented as follows:      : sample sizes of two groups; c: censoring rate;  LR: Log-rank; GW: Gehan-Wilcoxon; TW: Tarone-Ware; PP: Peto-Peto; MPP: Modified Peto-Peto; FH: Fleming-Harrington(1,1);  

SUP-LR: Partitioned log-rank; SUP-GW: Partitioned Gehan-Wilcoxon; SUP-PP: Partitioned Peto-Peto; LW: Lin and Wang;     ; LW test weighted by   ;     : LW test weighted by     ;     : LW test weighted by 
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TABLE 5: Estimated power results of comparison tests for Scenario 4. 
 

        c LR GW TW PP MPP FH SUP-LR SUP-GW SUP-PP LW                

(50,50) 

0% 0.0650 0.7925 0.4395 0.7925 0.8030 0.1340 1.0000 1.0000 1.0000 0.6065 0.6710 0.6090 0.6050 

20% 0.0665 0.6920 0.3575 0.5765 0.5850 0.2135 0.9980 0.9975 0.9970 0.5100 0.4940 0.4560 0.5055 

40% 0.0800 0.5720 0.2900 0.3540 0.3665 0.2860 0.9920 0.9840 0.9845 0.3895 0.3755 0.3500 0.4030 

60% 0.0705 0.4320 0.2280 0.1870 0.1975 0.3240 0.9275 0.9060 0.9135 0.2870 0.2650 0.2530 0.2975 

(100,100) 

0% 0.0830 0.9665 0.6975 0.9665 0.9685 0.1795 1.0000 1.0000 1.0000 0.9910 0.9995 0.9985 0.9850 

20% 0.0695 0.9315 0.6070 0.8515 0.8610 0.3210 1.0000 1.0000 1.0000 0.9200 0.9470 0.9255 0.9045 

40% 0.0660 0.8545 0.4995 0.6070 0.6175 0.4950 1.0000 1.0000 1.0000 0.7670 0.7735 0.7460 0.7620 

60% 0.0795 0.7015 0.3745 0.3130 0.3195 0.5375 0.9990 0.9985 0.9990 0.5900 0.5500 0.5450 0.5880 

(40,80) 

0% 0.0400 0.8225 0.4445 0.8225 0.8310 0.0610 1.0000 1.0000 1.0000 0.1640 0.6850 0.2355 0.2840 

20% 0.0355 0.7195 0.3650 0.5990 0.6095 0.1265 1.0000 0.9995 1.0000 0.1670 0.5910 0.1745 0.2660 

40% 0.0520 0.5800 0.2570 0.3375 0.3495 0.2105 0.9945 0.9920 0.9940 0.1415 0.4605 0.1500 0.2335 

60% 0.0405 0.3875 0.1855 0.1485 0.1570 0.2745 0.9385 0.9390 0.9375 0.1415 0.2930 0.1015 0.2105 

(50,100) 

0% 0.0330 0.9110 0.5390 0.9110 0.9135 0.0615 1.0000 1.0000 1.0000 0.2190 0.7700 0.2380 0.3945 

20% 0.0455 0.8230 0.4455 0.7085 0.7175 0.1345 0.9995 0.9995 0.9995 0.1985 0.6865 0.1985 0.3345 

40% 0.0535 0.6750 0.3335 0.4145 0.4235 0.2475 0.9995 0.9975 0.9975 0.1705 0.5430 0.1715 0.2785 

60% 0.0595 0.5050 0.2260 0.1895 0.1940 0.3180 0.9680 0.9675 0.9680 0.1550 0.3835 0.1235 0.2285 

 
Notations are presented as follows:      : sample sizes of two groups; c: censoring rate;  LR: Log-rank; GW: Gehan-Wilcoxon; TW: Tarone-Ware; PP: Peto-Peto; MPP: Modified Peto-Peto; FH: Fleming-Harrington(1,1);  

SUP-LR: Partitioned log-rank; SUP-GW: Partitioned Gehan-Wilcoxon; SUP-PP: Partitioned Peto-Peto; LW: Lin and Wang;     ; LW test weighted by   ;     : LW test weighted by     ;     : LW test weighted by 

            
 
 
 
 
 

Hülya ÖZEN et al.                       Turkiye Klinikleri J Biostat. 2021;13(1):13-27 

 



 

Hülya ÖZEN et al. Turkiye Klinikleri J Biostat. 2021;13(1): 13-27 

 

 22 

 
 
 
 
 
 
 
 

TABLE 6: Estimated Type I error of comparison tests. 
 

        c LR GW TW PP MPP FH SUP-LR SUP-GW SUP-PP LW                

(50,50) 

0% 0.0590 0.0600 0.0545 0.0600 0.0600 0.0580 0.0615 0.0560 0.0550 0.0435 0.0560 0.0555 0.0470 

20% 0.0550 0.0535 0.0485 0.0525 0.0530 0.0630 0.0580 0.0530 0.0530 0.0510 0.0515 0.0525 0.0485 

40% 0.0550 0.0535 0.0510 0.0505 0.0510 0.0595 0.0635 0.0580 0.0560 0.0465 0.0480 0.0495 0.0455 

60% 0.0480 0.0485 0.0510 0.0500 0.0505 0.0475 0.0590 0.0535 0.0560 0.0445 0.0490 0.0470 0.0440 

(100,100) 

0% 0.0505 0.0470 0.0525 0.0470 0.0470 0.0510 0.0645 0.0640 0.0620 0.0450 0.0465 0.0465 0.0425 

20% 0.0480 0.0480 0.0465 0.0455 0.0460 0.0505 0.0590 0.0535 0.0530 0.0570 0.0560 0.0560 0.0545 

40% 0.0525 0.0595 0.0540 0.0535 0.0535 0.0555 0.0585 0.0605 0.0575 0.0430 0.0480 0.0505 0.0390 

60% 0.0555 0.0585 0.0565 0.0570 0.0575 0.0475 0.0655 0.0525 0.0565 0.0415 0.0480 0.0490 0.0400 

(40,80) 

0% 0.0550 0.0485 0.0510 0.0485 0.0485 0.0585 0.0655 0.0655 0.0655 0.0555 0.0470 0.0525 0.0540 

20% 0.0555 0.0480 0.0525 0.0485 0.0490 0.0460 0.0755 0.0685 0.0690 0.0515 0.0525 0.0545 0.0475 

40% 0.0550 0.0530 0.0515 0.0530 0.0530 0.0490 0.0815 0.0755 0.0775 0.0565 0.0540 0.0550 0.0535 

60% 0.0450 0.0545 0.0505 0.0470 0.0490 0.0555 0.0690 0.0610 0.0655 0.0455 0.0460 0.0455 0.0435 

(50,100) 

0% 0.0555 0.0515 0.0530 0.0515 0.0505 0.0555 0.0745 0.0710 0.0685 0.0585 0.0470 0.0515 0.0560 

20% 0.0605 0.0550 0.0565 0.0545 0.0560 0.0525 0.0690 0.0640 0.0645 0.0595 0.0500 0.0560 0.0560 

40% 0.0505 0.0520 0.0515 0.0505 0.0510 0.0545 0.0720 0.0630 0.0635 0.0490 0.0510 0.0510 0.0480 

60% 0.0530 0.0530 0.0505 0.0510 0.0510 0.0585 0.0710 0.0660 0.0660 0.0515 0.0485 0.0510 0.0515 

Notations are presented as follows:      : sample sizes of two groups; c: censoring rate;  LR: Log-rank; GW: Gehan-Wilcoxon; TW: Tarone-Ware; PP: Peto-Peto; MPP: Modified Peto-Peto; FH: Fleming-Harrington(1,1);  
SUP-LR: Partitioned log-rank; SUP-GW: Partitioned Gehan-Wilcoxon; SUP-PP: Partitioned Peto-Peto; LW: Lin and Wang; 

    ; LW test weighted by   ;     : LW test weighted by     ;     : LW test weighted by             
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REAL DATA EXAMPLE 

Real data set belongs to the study, which was planned by Schein and supported by NIH-NIC N01-CM-

67094, about gastric cancer patients whose tumors could not be removed locally by surgical operation. Ran-

domly allocated 45 people in both groups were followed for eight years. The survival functions of patients 

with locally advanced gastric cancer who received chemotherapy alone (5 - FU and methyl - CCNU) or 5000 

rad radiotherapy with the same chemotherapy were compared. The follow-up periods of the patients were 

recorded in days. The event of interest was determined as death. Further information can be obtained through 

the original study.
34

 

As a result of the follow-up, the censoring rate was 4.44% in the chemotherapy group and 13.33% in the 

chemotherapy combined with the radiotherapy group. The data set can be found in the publication of 

Stablein and Koutrouvelis or from the book of Klein and Moeschberger.
35,36  

The survival functions of the 

treatment groups are shown in Figure 2. The survival functions cross each other at the point S(t)=0.2, which 

is quite similar to Scenario 4 in the simulation studies. Also, the assumption of proportional hazards was 

evaluated with Grambsch and Therneau’s goodness of fit test, which searches the relationship between 

Schoenfeld residuals and rank failure times.
37

 According to the test result, the assumption of proportional 

hazards was violated                  .  

 

     

 

FIGURE 2: Kaplan-Meier estimated survival functions of the gastric cancer data. 

 

The results of the comparison tests for gastric cancer patients are given in Table 7. The partitioned 

log-rank tests, GW, PP and MPP, which resulted in high power results in the corresponding simulation 

scenario, provided significant results as expected. LW, TW, FH and weighted LW tests failed to detect  

the difference. The lowest p-values were obtained by partitioned log-rank tests. It was observed that che-

motherapy combined with the radiotherapy group provided a better prognosis for the late follow-up pe-

riod.  
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TABLE  7: Results of comparison tests for gastric cancer data set.  
 

Comparison 
Tests 

Test 
Statistics 

p value 

LR 0.2319 0.6301 

GW 3.9963 0.0456 

TW 1.9269 0.1651 

PP 4.0299 0.0447 

MPP 4.1192 0.0424 

FH 0.0111 0.9160 

SUP-LR 17.2668 0.0030 

SUP-GW 15.2706 0.0040 

SUP-PP 15.2932 0.0020 

LW 1.0855 0.2778 

LWW1 1.3310 0.1832 

LWW2 1.1853 0.2359 

LWW3 1.1340 0.2568 
 

LR: Log-rank; GW: Gehan-Wilcoxon; TW: Tarone-Ware; PP: Peto-Peto;  
MPP: Modified Peto-Peto; FH: Fleming-Harrington(1,1);  
SUP-LR: Partitioned log-rank; SUP-GW: Partitioned Gehan-Wilcoxon;  
SUP-PP: Partitioned Peto-Peto; LW: Lin and Wang. 

    ; LW test weighted by   ;     : LW test weighted by     ; 

    : LW test weighted by             

 

    DISCUSSION  

The crossing survival functions take place in cases where the proportional hazards assumption is violated. In 

this study, we aimed to suggest a comparison test suitable for various crossing survival function scenarios. 

The recently proposed partitioned log-rank tests and weighted LW tests were compared with each other and 

weighted LR tests. Comparisons were performed under certain scenarios with various sample sizes and cen-

soring rates. Under the assumption of proportional hazards, the best results were provided by the LR test as 

expected. In the case of early, middle and late crossing survival functions, the partitioned log-rank tests ex-

hibited superior power results. It was observed that the crossing point had a significant effect on the power of 

the comparison tests. The increase in the sample size positively affected the performance of the tests, but the 

increase in the censoring rate had a negative effect. In addition, the Type I error rates of the comparison tests 

were close to the nominal value of 0.05. 

For the early crossing survival functions scenario, partitioned log-rank tests and weighted LW tests, 

which were developed for the crossing survival functions comparisons, presented powers higher than 90%. 

However, contrary to expectations, the LR test also showed high powers. Similar simulation results were 

found in the studies of Tubert-Bitter et. al., Li et. al. and Hsieh and Chen.
19,20,38

 

Situations, where the middle or late crossing survival functions scenarios were used, LW tests could 

only provide powers higher than 80% when the sample size was equal to 100 with a low censoring rate. 

Even they are proposed for crossing survival functions, they could maintain high results for large sample 

sizes with low censoring rates. These results are supported by Koziol and Jia.
18

 Moreover, LW test was ob-

served to be affected by the increase in censoring rate in middle and late crossing scenarios, which is consis-

tent with the results of Li et al.
20

 

In Scenario 4, LR and FH tests gave the lowest power. GW, TW, PP and MPP tests, which were fo-

cused on the initial period of the study, provided higher powers with respect to the previous crossing scenar-
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ios. Recently, other studies in the literature, which simulates the late crossing structure, have shown that LR 

and FH tests have lower powers than GW and TW tests.
20,38

 

In scenarios where the proportional hazards assumption has been violated, assessments have been made 

considering different crossing points. The location of the crossing point was obtained to play an important 

role in the powers of the comparison tests. The LR was found to be the most affected method by the left-to-

right movement of the crossing point. Weighted LR and LW tests were affected by the crossing point as 

well. The partitioned log-rank tests were marginally affected by this change. This is thought to be the result 

of the algorithm used in the calculation of test statistics. Partitioned log-rank tests make the calculations by 

evaluating the before and after of each time points where the event of interest is observed. In their study, Liu 

and Yin stated that if two survival functions cross at one of the time points of events, the powers of the tests 

will increase.
2
 

One of the limitations of partitioned log-rank tests was that they could not maintain results during simu-

lation runs when the sample sizes of both groups were less than 50 with a high censoring rate of 40% or 

above. Relevant weighted LR test statistics couldn’t be calculated when drawn bootstrap samples contained 

censored observations with no event. The p-value calculation algorithm could not be manipulated due to the 

random selection necessity of the bootstrap technique. Therefore, the simulation runs stopped and could not 

be completed. Because of this problem, the smallest sample size for a balanced group design was chosen as 

50 in the simulation studies. The determination of the maximum censoring rate limits for certain small sam-

ple sizes where the partitioned log-rank tests can provide results can be a future study subject. 

A notable feature that distinguishes partitioned log-rank tests from the others is the use of the bootstrap 

technique during p-value calculations. A two-group comparison result with partitioned log-rank tests can 

present different p-values at different times. Although these obtained p-values of the same data set are differ-

ent, they are mostly very close to each other. 

    CONCLUSION  

To sum up, researchers that are comparing two survival functions should be aware that the implementation 

of the relevant comparison test bears some basic assumptions. The selection of the most appropriate test de-

pends on the sample size, the censoring rate and the state of survival or hazard functions. Only one test does 

not fit equally in all situations. It is recommended to use partitioned log-rank tests for comparison of two 

crossing survival functions taking into consideration sample sizes and censoring rate.  
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