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In December 2019, a new coronavirus disease emerged characterized as a viral infection with a high 

level of transmission in Wuhan, China. Coronavirus 19 (COVID-19) is caused by the virus known as severe 
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ABSTRACT Objective: In the literature, non-linear mathematical 

growth models are often used to estimate the number of coronavirus 
disease-2019 (COVID-19) cases. Specific algorithms such as math-

ematical optimization technique need to be employed for parameter 

estimation. In this work, a novel method to estimate COVID-19 
daily cases and reproduction number is proposed for COVID-19. 

Material and Methods: In this study, the daily number of COVID-

19 cases between January 01 and November 16, 2020 has been es-
timated online via AR(1) (autoregressive time-series model of order 

1) and the adaptive Kalman filter (AKF). After calculating the es-

timate for daily cases, the reproduction number estimate was ob-
tained. Results: It is quite a simple method to model the daily case 

number by time series with the time-varying parameter AR(1) sto-

chastic process and estimated the time-varying parameter with 
online AKF. The method is online. Only the data points on the last 

day are sufficient. Conclusion: The COVID-19 data have been 

modeled in state space, and the AKF has been employed to estimate 
the number of daily cases. The estimation results were obtained for 

the number of daily cases using the AR(1) model. Since the estima-

tion using the AR(1) stochastic process does not require any other 
modeling assumption, it is a simple approach to model the daily 

case number time series with the time-varying parameter AR(1) 

stochastic process and estimated the time-varying parameter with 
online AKF. We suggest that the simplest method for the reproduc-

tion number estimation will be obtained by modeling the daily case 

via an AR(1) model. 
 

Keywords: COVID-19; state-space modelling;  

                    AR(1); adaptive Kalman filter;  

                    the reproduction number estimation 

ÖZET Amaç: Literatürde, doğrusal olmayan matematiksel büyüme 

modelleri, koronavirüs hastalığı-2019 [coronavirus disease-2019 
(COVID-19)] vakalarının sayısını tahmin etmek için sıklıkla kulla-

nılmaktadır. Parametre tahmini için matematiksel optimizasyon 

tekniği gibi özel algoritmaların kullanılması gerekir. Bu çalışmada, 
COVID-19 için günlük COVID-19 vakalarını ve çoğalma sayısını 

tahmin etmek için yeni bir yöntem önerilmiştir. Gereç ve Yöntem-

ler: Bu çalışmada, 01 Ocak ve 16 Kasım 2020 tarihleri arasında 
günlük COVID-19 vakalarına dayalı olarak AR(1) (1 gecikmeli oto 

regresif zaman serisi modeli) ve uyarlanabilir Kalman filtresi 

(UKF) aracılığıyla günlük vaka tahmini çevrim içi olarak yapılmış-
tır. Günlük vakalar için tahmin, çoğalma sayısı tahmini elde edil-

miştir. Bulgular: Günlük vaka sayısı zaman serilerini zamanla de-

ğişen AR(1) stokastik süreç ile modellemek ve çevrimiçi UKF ile 
zamanla değişen parametreyi tahmin etmek oldukça basit bir yön-

temdir. Yöntem çevrim içidir. Yalnızca son gündeki veri noktaları 

yeterlidir. Sonuç: COVID-19 verileri durum uzayında modellen-
miştir ve günlük vaka sayısını tahmin etmek için UKF kullanılmış-

tır. AR(1) modeli kullanılarak günlük vaka sayısı için elde edilen 

tahmin sonuçları. AR(1) stokastik sürecini kullanan tahmin, başka 
herhangi bir modelleme varsayımı gerektirmediğinden, basit bir yak-

laşımdır. Günlük vaka sayısı zaman serilerini zamanla değişen AR(1) 

stokastik süreci ile modellemek oldukça basit bir yöntemdir ve za-
manla değişen parametreyi çevrim içi UKF ile tahmin edilmiştir. Ço-

ğalma sayısı tahmini için en basit yöntemin, günlük vakayı bir AR(1) 

modeli aracılığıyla modelleyerek elde edileceğini öneriyoruz. 
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acute respiratory syndrome coronavirus 2 (SARS-CoV-2) established by the ICTV.
1-3 

Gompertz and logistic 

models have been used to estimate the number of COVID-19 cases in China by Jia et al.
4
 Cas torina et al. 

have used these two modes in China, South Korea, Italy, and Singapore.
5 

Roosa et al. have used Generalized 

Logistic Growth Model (GLM) for the data gathered between February 5 and February 24, 2020, for China.
6
 

Roosa et al. have used the GLM and the Richards model for the data gathered between February 13 and Feb-

ruary 20, 2020 for China.
7
 Munayco et al. have used the Generalized Growth Model (GGM) for the dates 

February 29 and March 30, 2020, for Peru.
8
 Gompertz, Logistic, and Artificial Neural Network models were 

applied in.
9
 Zuzana et al. used the Gompertz curve to model a trajectory of the number of infections for the 

USA.
10

 Català et al. employed the Gompertz function in several countries to make short-time predictions.
11

 

Petropoulos et al. adopted simple time series forecasting approaches.
12

 In logistic, Bertalanffy and Gompertz 

models, non-linear mathematical growth is studied, and prediction and analysis are given for the coronavirus 

disease.
4
 The prediction methods of logistic, Gompertz, and Bertalanffy models are similar, but the mathe-

matical models are different. Specific algorithms such as mathematical optimization technique need to be 

employed for parameter estimation. The authors use the regression coefficient (R
2
) for model evaluation. 

The paper applies these models to the Wuhan and non-Hubei data in China and stated that “The prediction 

results of three different mathematical models are different for different parameters and in different regions”. 

Moreover, the authors state that “We have collected some COVID-19 epidemic predictions of other re-

searchers, as shown in Table 3. It can be seen from Table 3 that the total prediction results of different mod-

els are quite different”. In, only Gompertz non-linear mathematical growth model is studied and applied to 

China, South Korea, and Italy data.
5
 They considered the cumulative number of infected people and stated 

that this analysis needs to be updated on a daily basis. In, the GLM, exponential growth dynamics model and 

The Richards models are used and applied to the data from Hubei and other.
6
 Mean squared error (MSE) is 

used as performance criterion. In, similar to logistic growth model, the Richards growth model, and a sub-

epidemic wave model models are used and the data from Guangdong and Zhejiang provinces in China.
6,7

 In, 

the GGM differential equation is used an applied to Lima-Peru data.
8
 In, non-linear the logistic growth 

model, Gompertz ve Artificial Neural Networks models are used and non-linear least-squares method is used 

for parameter estimation.
9
 In, only the Gompertz model is used and applied to the USA data.

10 
In, only the 

Gompertz model is used and applied to data obtained from different provinces in China.
11

 In, only exponen-

tial smoothing model is studied and applied to global confirmed cases.
12

 

The papers cited in our manuscript all utilize “the cumulative number of infected people” as the data. 

Also, the models employed in those papers are non-linear mathematical growth models and there are more 

than one parameter to be estimated in those models. The models are non-linear mathematical ones and de-

fined using differential equations. Specific algorithms such as mathematical optimization technique are to be 

employed for parameter estimation. The data used in the models employed need updating daily in order to 

analyze them. The methods used are offline and all data up to a specific date are necessary for parameter es-

timation in those models where the estimation needs to be updated on a daily basis with the inclusion of the 

new set of data. There are other growth models is addition to logistic, Bertalanffy, and Gompertz non-linear 

matematical models and they are given in Table 1.  
 

TABLE 1: Non-linear models and their mathematical notations. 
 

Model name Statistical model 

Brody y(t;α,β,k)=α(1–βexp(–kt))+ε 

Bertalanffy y(t;α,β,k,m)=(α1–m–βexp(–kt))1/(1–m)+ε 

Logistic y(t;α, β,k)=α/(1+βexp(-kt))+ε 

Generalized logistic y(t;β,k,γ)=α/((1+βexp(-kmt)1/m)+ε 

Richards y(t;α,k,m)= α(1–exp(–kt))1/m+ε 

Negative exponential y(t;α,k)=α(1–exp(–kt))+ε 

Stevens y(t; α,β,p)=α–β(kt)+ε 

Tanaka y(t;α, β,k,m)=(1/  )ln|2β.(t-m)+2             |+ε 

Gompertz Y(t)=α exp(–β exp(-kt))+ ε 
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State-space models have been employed since the 1960’s, mostly in the control and signal processing 

areas. The Kalman filtering (KF) has emerged as the most common tool. The KF has been extensively em-

ployed in many areas of estimation. The extensions and applications of state-space models can be found in 

almost all disciplines. This paper presents the use of adaptive KF (AKF) in the analysis of the COVID-19 

daily cases.  

The rest of this article is organized as follows: In material and methods, section the mathematical and 

computational methodologies are described, mathematical equations of the models used in this study are 

given, and analysis and estimation results are presented. In section estimating the reproduction number with 

AKF, the computation of the reproduction number with AKF is presented. Finally, the last section presents 

the conclusions. 

    MATERIAL AND METHODS 

We can model the time series data on the number of daily cases in a simple fashion. Let us assume that the 

number of daily cases 
ti  is in the form of the AR(1) stochastic process (autoregressive time-series model of 

order 1) is given with Eq. 1. 

1t t ti i v                               (1) 

where   is constants. 
tv  is 

2

1~  (0, )tv N  . The random variables 
1 2, ,..., nv v v  are assumed to be un-

correlated. Let us assume that the   parameter of Eq. (1) is time varying and it is a stochastic process in the 

form of a random walk process. In this case,   random walk process can be written as in Eq. (2) 

1t t tw                                (2) 

tw  is 
2

2~  (0, )tw N  .The random variables 
1 2, ,..., nw w w  are assumed to be uncorrelated. Consider-

ing Eq. (1) and Eq. (2) together, the following state-space model can be written: 

1t t tw                                (2) 

1t t t ti i v                               (3) 

Here, the state variable is unobservable, time-varying 
t  parameter and can be estimated using AKF 

(See details in Appendix). If this time-varying parameter is estimated using online AKF, estimation for the 

daily case counts in times 1t  , 2t  , ... can be made through this online-estimated parameter. The data 

used were taken from Johns Hopkins University.
13

 We utilized Matlab 2013a in the statistical analysis. 

    RESULTS 

Actual daily case and estimations that have been made online using AKF are given in Figure 1, Figure 2, 

Figure 3, Figure 4, Figure 5, Figure 6, Figure 7, Figure 8, Figure 9, Figure 10. Time varying parameter esti-

mation is made online via AKF. According to the estimation results obtained by using daily number of cases 

in AR(1) model, MSE, mean absolute percentage error (MAPE), and R
2
 were calculated. These calculated 

values are given in Table 2. 
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FIGURE 1: Germany: Daily cases and estimated-reproduction number estimated. 
 
 

 

FIGURE 2: USA: Daily cases and estimated-reproduction number estimated. 
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FIGURE 3: India: Daily cases and estimated-reproduction number estimated. 
 
 

 

FIGURE 4: Brazil: Daily cases and estimated-reproduction number estimated. 
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FIGURE 5: France: Daily cases and estimated-reproduction number estimated. 
 

 

FIGURE 6: Italy: Daily cases and estimated-reproduction number estimated. 
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FIGURE 7: Russia: Daily cases and estimated-reproduction number estimated. 
 

 

FIGURE 8: Spain: Daily cases and estimated-reproduction number estimated. 
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FIGURE 9: United Kingdom: Daily cases and estimated-reproduction number estimated. 
 

 

FIGURE 10: Turkey: Daily cases and estimated-reproduction number estimated. 
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TABLE 2: Calculated R2, MSE, MAPE. 
 

Region R2 MSE MAPE 

USA 0,9969 2281384 6,83 

Turkey 0,9953 3508 4,36 

Germany 0,9891 238967 18,74 

Brazil 0,9597 8091266 23,78 

India 0,9991 916202 16,51 

Russia 0,9996 9748 5,41 

Spain 0,9543 1489086 25,15 

France 0,8962 15774196 71,79 

Italy 0,9984 102483 12,60 

United Kingdom 0,9970 147300 11,64 
 

MSE: Mean squared error; MAPE: Mean absolute percentage error. 

 

It is quite straightforward to model the daily case number time series with the time-varying parameter 

AR(1) stochastic process and estimated the time-varying parameter with online AKF. This is a rather simple 

but very effective approach, and to the authors’ best knowledge it has not been employed for this purpose 

before. It is easy to estimate the daily cases COVID-19 by this method.  

ESTIMATING THE REPRODUCTION NUMBER WITH ADAPTIVE KALMAN FILTERING 

The instantaneous reproduction number, 
tR  at time t  can be estimated as in Eq. (4). 

1

( )t
t t

t s s

s

E i
R

i w






               (4) 

.
14

 In equation (4), 
ti  stands for the number of new infections generated at time step t. 

sw  is the probability 

distribution of the infectivity profile which is dependent on time since the infection of the case. In practice, 

sw  is approximated by the distribution of the serial interval. Let us express the value of 
tR  calculated using 

the AR(1) model with 
AR

tR . If s = 1 and 
1 1w   are taken in Eq. (4), then Eq. (4) can be written as 

 

1

1 1 1

ˆˆ( ) ˆ , 2,3,...,AR t t t t
t t

t t t

E i i i
R t n

i i i




  

                             (5) 

The estimated 
tR  value using the AR(1) model is equal to the estimate of the time-varying parameter of 

the AR(1) model. The value of 
AR

tR  calculated using the Eq. (5) is given in Figure 1, Figure 2, Figure 3, 

Figure 4, Figure 5, Figure 6, Figure 7, Figure 8, Figure 9, Figure 10. There is no need for any other modeling 

assumptions in estimating 
tR  with this method by using AR(1) model. Modeling the daily case time-series 

with the time-varying parameter AR(1) stochastic process and estimating the time-varying parameter with 

AKF both estimates the number of daily cases and the estimation of the instantaneous reproduction number 

without any other component. It is a simple method to model the daily case number time series with the 

time-varying parameter AR(1) stochastic process and estimating the time-varying parameter with online 

AKF. 
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    DISCUSSION 

In the literature, non-linear mathematical growth models are often used to estimate the number of COVID-19 

cases. Specific algorithms such as mathematical optimization technique need to be employed for parameter 

estimation. In this paper, a novel method for estimating some key parameters of real COVID-19 data is pro-

posed for COVID-19 daily cases analysis. The COVID-19 data have been modeled in state space, and AKF 

has been employed to estimate the number of daily cases. The estimation results obtained for the number of 

daily cases using the AR(1) model. The estimation of the daily number of cases using the AR(1) model is a 

simple method. Since the estimation using the AR(1) stochastic process does not require any other modeling 

assumption, it is a simple approach. As for AKF, utilizing only observations in time t  is the most advanta-

geous aspect of this method. 

    CONCLUSION 

Modeling the daily case time-series with the time-varying parameter AR(1) stochastic process and estimating 

the time-varying parameter with AKF both estimates the number of daily cases and the estimation of the in-

stantaneous reproduction number without any other operation. It is a simple method to model the daily case 

number time series with the time-varying parameter AR(1) stochastic process and estimated the time-varying 

parameter with online AKF. Among the studies made on COVID-19 pandemic, modeling the disease pro-

gress is emphasized primarily. Modeling the disease progress is substantial for the precautions which will be 

taken by countries, interventions, and treatments to be administered. It is thought that the method we have 

proposed will be suitable for the estimation of the forthcoming progress. We suggest that the simplest 

method for the reproduction number estimation will be obtained by modeling the daily case time series via 

an AR(1) model. 

 

APPENDIX: Discrete time state-space model and AKF 

Let’s consider a discrete-time state-space model stated as  

1t t t t tx F x G w  
                                                                                               

t t t ty H x v 
                

where,  is a system,  is an observation vector.  and  are white noise sequences. The covari-

ance matrices  and  are  and . The matrices , , ,  are assumed that they are known 

at time t. The filtering problem is the problem of determining the best estimate of its  condition, given its 

observations .
13-15

 The covariance matrices tw  and tw are defined by ~  (0, )t tw N Q , 

~  (0, )t tv N R . Let the initial state be assumed to have a Gaussian distribution in the form of 

0 0 0~  ( , )x N x P . The optimum update equations for KF are 

1 11
ˆ ˆ

t tt t
x F x 


                                       

' '

1 1 1 1 11 1 1t t t t tt t t t
P F P F G Q G      

 
                  

' ' 1

1 1
( )t t t t tt t t t

K P H H P H R 

 
 

            

1
[ ]t tt t t t

P I K H P


 
            

tx ty tw tv

tw tv tQ tR tF tH tQ tR

tx

0 1( , ,..., )t tY y y y



 

Levent ÖZBEK et al. Turkiye Klinikleri J Biostat. 2021;13(1):91-102 

 

 101 

1 1
ˆ ˆ ˆ( )t t t tt t t t
x x K y H x

 
  

     

.
15-17

 In the above equations / 1
ˆ
t tx   is the a priori estimation and ˆtx  is the a-posteriori estimation of tx . 

Furthermore, 
1t t

P


 and 
t t

P  are the covariance of a priori and a-posteriori estimations, respectively. In order 

to eliminate divergence in the KF, adaptive methods are used forgetting factor is proposed by Özbek, Özbek 

and Aliev.
18,19

 

 ' '

1 1 1 1 11 1 1t t t t tt t t t
P F P F G Q G       

 
   

 is the forgetting factor proposed by Özbek and Aliev.
18 
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