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A New Method for Local Dependence Map
and Its Applications

AABBSS  TTRRAACCTT  OObb  jjeecc  ttii  vvee::  This work in tro du ces a new met hod to cons truct lo cal de pen den ce map ba sed on the es-
ti ma te for the li ne ar lo cal de pen den ce func ti on H(x,y), which is ge ne ra li za ti on of Pe ar son cor re la ti on co ef fi ci ent.
The new lo cal de pen den ce map de mons tra tes a prac ti cal to ol for lo cal de pen den ce struc tu re bet we en two ran-
dom va ri ab les. The analy sis of the o re ti cal con cepts is ve ri fi ed by an app li ca ti on ba sed on re al da ta sets in en doc -
ri no logy. MMaa  ttee  rrii  aall  aanndd  MMeett  hhooddss::  The met hod, lo cal de pen den ce map, re qu i res the es ti ma ti on new lo cal
de pen den ce func ti on which is ba sed on reg res si on con cepts.  Af ter this lo cal de pen den ce func ti on must be con-
ver ted with lo cal per mu ta ti on tests in lo cal de pen den ce map which ma ke the lo cal de pen den ce func ti on mo re in-
ter pre tab le by iden tif ying the re gi ons of po si ti ve, ne ga ti ve and ze ro lo cal de pen den ce. RRee  ssuullttss::  Ba sed on the
pro po sed met hod and we gi ve two examp les ba sed on the re al da ta C-pep ti de, in su lin and TSH, FT3, FT4 from
en doc ri no logy in or der to show the ad van ta ge o us of the cur rent de pen den ce maps. They show in te res ting lo cal
de pen den ce fe a tu res on the ot her hand ove rall cor re la ti on co ef fi ci ent is not much in for ma ti ve. CCoonncc  lluu  ssii  oonn::  Sca -
lar de pen den ce me a su res such as cor re la ti on co ef fi ci ent are of ten used as a me a su re of de pen den ce for da ta in me -
di cal and bi o lo gi cal sci en ce. Ho we ver, they can not ref lect the comp lex de pen den ce struc tu re of two va ri ab les.
Hen ce we are now con cer ned exc lu si vely with the sta tis ti cal as pects of the de pen den ce struc tu re in de pen den ce
maps that will be cons truc ted for the da ta set.  In this work a new met hod to cons truct lo cal de pen den ce map ba -
sed on the reg res si on con cept for the li ne ar lo cal de pen den ce func ti on H(x,y), which is ge ne ra li za ti on of Pe ar son
cor re la ti on co ef fi ci ent, is es tab lis hed. The pro po sed new lo cal de pen den ce map is de vo ted to two examp les ba sed
on the re al da ta C-pep ti de, in su lin and TSH, FT3, FT4 from en doc ri no logy in or der to il lus tra te the use ful ness of
the cur rent de pen den ce maps.  They show in te res ting lo cal de pen den ce fe a tu res on the ot her hand ove rall cor-
re la ti on co ef fi ci ent is not much in for ma ti ve. 

KKeeyy  WWoorrddss::  Correlation, correlation study, statistical data interpretation, local dependence map

ÖÖZZEETT  AAmmaaçç:: Bu ça lış ma da, Pe ar son ko re las yon kat sa yı sı nın ge nel leş ti ril me si olan doğ ru sal lo kal ba ğım lı lık fonk -
si yo nu H(x,y)’nin tah mi ni, per mü tas yon tes ti kul la nı la rak ye ni lo kal ba ğım lı lık ha ri ta la rı na dö nüş tü rül müş tür. Ye -
ni lo kal ba ğım lı lık ha ri ta sı nın, iki ras sal de ğiş ken ara sın da ki ba ğım lı lık (ko re las yon) ya pı sı nın lo kal ola rak
be lir len me sin de ol duk ça pra tik bir araç ol du ğu gös te ril miş tir. En dok ro no lo ji bö lü mün den alı nan ve ri ler le bir uy -
gu la ma ya pıl mış tır. GGee  rreeçç  vvee  YYöönn  tteemm  lleerr::  Lo kal ba ğım lı lık ha ri ta sı oluş tur ma yön te mi, reg res yon kav ra mı te mel
alı na rak bu lu nan ye ni lo kal ba ğım lı lık fonk si yo nu nun tah mi ni kul la nıl ma sı nı ge rek tir mek te dir. Bu lu nan tah -
min, per mü tas yon tes ti ile dö nüş tü rü le rek ha ri ta oluş tu ru lur. Bu ha ri ta, po zi tif, ne ga tif ve sı fır ba ğım lı lık böl ge -
le rin den olu şur ve lo kal ba ğım lı lık fonk si yo nu nun yo rum lan ma sı nı ko lay laş tı rır. BBuull  gguu  llaarr::  Öne ri len yön tem,
en dok ro no lo ji bö lü mün de el de edi len ger çek ve ri le re uy gu lan mış tır. C-pep tit- in sü lin, TSH-FT3 ve TSH -FT4
ara sın da ki ba ğım lı lık ya pı sı nı be lir le yen lo kal ba ğım lı lık ha ri ta la rı oluş tu rul muş tur. Bu de ğiş ken ler il ginç lo kal
ba ğım lı lık ya pı la rı gös ter miş tir, bir baş ka de yiş le, bu de ğiş ken ler ara sın da ki ba ğım lı lık ya pı sı nı be lir le mek için ko -
re las yon kat sa yı sı ye ter siz kal mış tır. SSoo  nnuuçç::  Ko re las yon kat sa yı sı, tıp ve bi yo lo ji alan la rın da iki de ğiş ke nin doğ -
ru sal ba ğım lı lık ya pı sı nı araş tır ma da kul la nı lan en yay gın ba ğım lı lık öl çü sü dür. Fa kat bu öl çü iki de ğiş ken
ara sın da ki kar ma şık ba ğım lı lık ya pı sı nı in ce le me de ye ter siz kal mak ta dır. Bu ne den le, ko re las yon kat sa yı sı nın ge -
nel ha li olan lo kal ba ğım lı lık fonk si yon la rı nı kul lan mak da ha uy gun dur. Lo kal ba ğım lı lık fonk si yon la rı nı da ha
ko lay yo rum la ya bil mek için lo kal ba ğım lı lık ha ri ta la rı ge liş ti ril miş tir. Bu ça lış ma da, reg res yon kav ra mı nı te mel
alan lo kal ba ğım lı lık fonk si yo nu H(x,y) için ye ni bir lo kal ba ğım lı lık ha ri ta sı oluş tu rul muş tur. Öne ri len ye ni lo -
kal ba ğım lı lık ha ri ta sı ile, C-pep ti de ve insü lin, TSH-FT3 ve TSH-FT4 ara sın da ki lo kal ba ğım lı lık ya pı sı in ce len -
miş ve bu de ğiş ken ler ara sın da ki ba ğım lı lık ya pı sı nın ol duk ça il ginç ol du ğu göz len miş tir. Bu de ğiş ken ler ara sın da ki
ba ğım lı lık ya pı sı nı, ko re las yon kat sa yı sı ile açık la ma nın ye ter siz ol du ğu gös te ril miş tir. 
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In recent years local dependence functions and
their applications have arisen the interest of many
statisticians. It is because scalar dependence meas-
ures, such as Pearson correlation coefficient and
many others cannot always be adequate to explain
the dependence structure between two random
variables. In fact, there are generally some restric-
tions about not to use these scalar measures in
many situations. Thus scalar dependence measures
are extended to local dependence function.

Bjerve and Doksum, Doksum et al. and Blyth,
determined a correlation curve 

(1)

as a  generalization of the Pearson correlation
coefficient  where                            is the slope of
the nonparametric regression

is the nonparamet-
ric residual variance and                         The cor-
relation curve (1) is constructed from regression
concept where Y is a response and X is a predictor
variable.1-3 One may see that           measures the
strength of the association between X and Y locally
at X= x. 

Holland and Wang introduced a local depen-
dence function. [4] Following their work Jones pro-
vided a motivation for the local dependence
function by using mixed partial derivative of the
log density

(2)

where              is a function of the conditional
distribution of Y given X, or vice versa and is a     

bivariate density function.5 So,   may be ap-
plied to all bivariate distributions with specified
conditionals. But in general, conditionally speci-
fied joint distributions are extremely constrained;
see.6

Bairamov and Kotz introduced a new local de-
pendence function H(x,y), a generalization of Pear-
son correlation coefficient,7,8

3)                                                                                

where,                                                        ,

and

.

The function H(x,y) in (3) is obtained from the
expression of the linear correlation coefficient by
replacing E(X) and E(Y) by the conditional expec-
tations and                         respectively.
In case that the local dependence function is spe-
cified with conditional moments, then it is ex-
pected that local dependence function is used for
wider class of joint distributions. This local de-
pendence measure has several useful properties.
For instance, the new measure is symmetric in X
and Y and its expected value is approximately equal
the Pearson correlation coefficient. Another prop-
erty is that, X*= 0 and Y*= 0 is a saddle point of H
and H(X*, Y*) = ρ when (X,Y) has bivariate normal
distribution with correlation coefficient ρ. Further
details can be seen in.7

In general, it is difficult to interpret the whole
dependence structure of the data from a local de-
pendence function. However, dependence graphs
have the potential to assess a far richer class of bi-
variate dependence structures. With this motivation,
Jones and Koch introduced a new methodology
about the interpretation of the dependence structure
of bivariate data called “dependence map”.9 Depen-
dence maps show us the estimated local dependence
structure of the data by identifying regions positive,
negative and zero local dependence with the help of
local permutation test (Appendix 1). 

In this paper, a new method to construct de-
pendence maps of the given data is introduced by
using the estimator of the local dependence func-
tion of Bairamov and Kotz with permutation test
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algorithm.7 The next section shows the details the
proposed method and Section 3 is devoted to two
examples based on the real data C-peptide, insulin
and TSH, FT3, FT4 from endocrinology in order to
illustrate the usefulness of the current dependence
maps. They show interesting local dependence fea-
tures on the other hand overall correlation coeffi-
cient is not much informative.  

CONSTRUCTING THE DEPENDENCE MAP

ESTIMATION Of H(x,y)   

The local dependence function H(x,y) is estimated
via kernel methods. Bairamov and Kotz suggested
an estimator for H(x,y) by using Nadaraya and
Watson’s estimate for the regression functions
E(X|Y= y) and E(Y|X= x).7,10,11 The estimators are

and

(4)

where (Xi, Yi), i= 1,2,...,n are the dataset, K is
a kernel function, an integrable function with short
tails, and hn is a width sequence tending to zero at
appropriate rates, i.e.               as                . Using
the equation (4) and taking the Gaussian kernel 

as K, we obtain an estimate                for H(x,y),

(5)

where is an estimate for Person correlation
coefficient  and 

, and

.

Then a usual for     choice is the Gaussian
bandwidth that gives the normal reference rule 

, (6)

where       is the standard deviation of the data.
In what follows is the local permutation test for the
dataset. 

LOCAL PERMUTATION TEST

Excel Visual Basic software (the code is given in
Appendix) is used for this purpose. We first obtain
the estimated local dependence measure for the
given bivariate data. For every                =1,…,n, we
compute using the bandwidth in equa-
tion (6). The samples satisfying can be
generated by permuting randomly yi since the local
permutation test of the null hypothesis                  
implies independence. This procedure is repeated
N times and in each step                    is computed
for each permuted dataset for                     . Then
statistically significant                   is added to the
list by comparing the observed                   . When
observed value of the estimated local dependence
function is in the highest (α/2)% of the simulated

, the map value is appointed to be (+1)
and  when observed value of the estimated local de-
pendence function is in the lowest (α/2)% of the
simulated                 , then the map value is ap-
pointed to be (-1) and otherwise it is 0. From these
values, we design the dependence map. With per-
mutation test, local dependence maps simplify the
estimated local dependence structure between two
variables by identifying regions of positive (signi-
ficance (+1)), zero (no significance) and negative
(significance (-1)) local dependence. 

APPLICATIONS

Scalar dependence measures such as correlation co-
efficient are often used as a measure of dependence
for data in medical and biological science. Ho-

A NEW METHOD FOR LOCAL DEPENDENCE MAP AND ITS APPLICATIONS Özlem EGE ORUÇ et al
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wever, they cannot reflect the complex depend-
ence structure of two variables. Moreover, linear
correlation coefficient does not always determine
an accurate association between two random vari-
ables since the dependence may not exist in the en-
tire plane or it may not linear or the variance Y
given X= x may not be a constant. Hence we are
now concerned exclusively with the statistical as-
pects of the dependence structure in dependence
maps that will be constructed for the dataset.

Example 1: C-Peptide and Insulin Data

C-peptide is an indicator of insulin stock for in-
sulin-treated diabetics. The level of c-peptide in the
blood can indicate how much insulin is being pro-
duced by the pancreas. In cases when insulin level
cannot be determined due to the existence of in-
sulin antibodies in the blood or in the patients
under the treatment of diabetes, it is important to
measure the level of c-peptide.12

In this example we construct dependence map
using c-peptide and insulin from the data supplied
by DEU faculty of medicine endocrine laboratory.
108 patients are examined for this purpose (we take
N= 500 and α= 0.05). The dependence map is par-
ticularly informative here. The overall correlation
coefficient between c-peptide and insulin is 0.657,
significantly different from zero. Although there is a
positive correlation between the variables, two dif-
ferent dependence structures are observed in Figure 1.
In the white region where the variables simultane-
ously take low, moderate and large values, positive
dependence between insulin and c-peptide appear.
That is, as the level of insulin increases (decreases) so
does the level of c-peptide. The white region cover-
ing relatively larger than the others can be explained
by the existence of highly positive correlation be-
tween the variables   c-peptide and insulin. In other
words it is important to interpret in detail the cor-
relation coefficient in this region. When insulin
level cannot be determined appropriately it is mean-
ingful to see the level of c-peptide in order to decide
the level of insulin. However, an analogous inter-
pretation will not be possible for the other regions in
the dependence map. It is shown in color light grey
where there is no dependence between insulin and
c-peptide. Further, while c-peptide takes moderate

and large values insulin takes small and moderate
values or while c-peptide values are small and mod-
erate insulin takes moderate values at the same time.
Thus, we may conclude that the amount of increase
or decrease in insulin is not  affected by c-peptide.
Note that there are also black regions in the map
which shows insufficient data. 

In Figure 2, the contour plot of the estimated
local dependence values                for              is il-
lustrated. It helps us see the level of insulin and c-
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FI GU RE 1: In su lin and c-pep ti de da ta : po si ti ve lo cal de pen den ce is whi te; ze -
ro lo cal de pen den ce is light grey; in suf fi ci ent da ta is co lo red black. 
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FI GU RE 2: Con to ur plot of  li ne ar lo cal de pen den ce es ti ma te and for in su lin
and c-pep ti de da ta.
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peptide of a patient. For example, the variables hav-
ing the value (2.1, 10.4) indicate positive local de-
pendence approximately 0.75.     

Example 2: TSH, FT3 and FT4

Thyroid-stimulating hormone (TSH) is released by
the pituitary gland and circulates in the blood-
stream to the thyroid where it controls the release
of the thyroid hormones triiodothyronine (T3) and
thyroxine T4. The level of free thyroxine (FT4),
free triiodothyronine (FT3) and TSH identify how
well the thyroid gland is working.  Beyond the nor-
mal values of TSH it is necessary to consider the
values of FT3 and FT4. Decreased level of TSH to-
gether with increased level of FT3 and/or FT4
shows hyperthyroidism. On the contrary, the inc-
reased level of TSH together with the decreased
level of FT3 and/or FT4 shows hypothyroidism.

In this example we investigate the dependence
structure in both TSH-FT3 and TSH-FT4. The data
are supplied by DEU the faculty of medicine en-
docrine laboratory. 300 patients’ test results are ex-
amined and use 0.01-significance level is used for
this aim. The Figure 3 displays the dependence map
between  TSH and FT3. Even though a weak neg-
ative correlation r= -0.1527 exists, two different de-
pendence structures happen as in the previous
example. Negative local dependence is seen in the
region colored dark grey for (ii) small values of TSH
and moderate or large values of FT3 (iiii) for mode-
rate and large values of TSH and small values of

FT3. In accordance with this observation, hyper-
thyroidism and hypothyroidism arise respectively.
But one cannot make a similar consequence for
both moderate values of the variables because it is
not possible to mention a correlation between
them. The Figure 4 displays the contour plot of es-
timated values                  is depicted. The values
obtained from the local dependence function are
accumulated around -0.15 which is the correlation
coefficient. 

In Figure 5 we investigate the dependence
structure between TSH and FT4. The overall cor-
relation between TSH and FT4 is r = -0.286 and this
implies weak linear negative dependence. Two
main areas of data points are deemed to have zero
and negative local dependence. Negative depen-
dence region colored dark grey occur for small va-
lues of FT4 and almost all values of TSH and also
for small values of TSH in large values of FT4. This
again gives us hyperthyroidism and hypothy-
roidism respectively. The difference here from
TSH-FT3 is that although the correlation coeffi-
cient is greater in magnitude, the region negatively
correlated is smaller. Moreover, for moderate va-
lues of FT4 one cannot expect local dependence in
any values of TSH, implying zero local dependence.
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Contour Plot for H(x, y)
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In the last graph (Figure 6), the estimated local de-
pendence values are given. For the smallest value of
FT4 and highest value of TSH, the greatest in mag-
nitude negative correlation (approximately -0.75)
is observed. The minimum local dependence is at-
tained at moderate values of FT4.

SUMMARY

Scalar dependence measures such as correlation co-
efficient can be an important part of medical and bi-
ological science studies. But these measures cannot
be adequate to summarize complex dependence
structure. The dependence between a pair of vari-
ables can be various with potentially surprising as-
pects. For bivariate data set the dependence
structure can not only be measured globally, but the
dependence structure can also be analyzed locally.

The aim of this study is to introduce a method to
local analysis of dependence were presented and il-
lustrated at hormone data examples. The method,

local dependence map, requires the estimation new
local dependence function which is based on regres-
sion concepts. After this local dependence function
must be converted with local permutation tests in
local dependence map which make the local de-
pendence function more interpretable by identifying
the regions of positive, negative and zero local de-
pendence. Another advantage of this map is to decide
the dependence structure for every observed pair of
the data. This dependence map may play a consider-
able role in determining the dependence structure es-
pecially in medical and biological sciences.
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FI GU RE 6: Contour plot of linear local dependence estimate and TSH-FT4 data.

(The code written in Excel Visual Basic software)

Option Explicit

Const MyError = -9

Dim StDevX, StDevY, XAve, HX, HY, YAve As Double

Dim N As Integer

Sub TakeSpareColumn (What, Where)

Dim WhatS

APPENDIX 1: Local Permutation Test Code.
Dim WhereS

WhereS = Where & "2:" & Where & N + 1

WhatS = What & "2:" & What & N + 1

Range (WhereS).Value = Range(WhatS).Value

End Sub

Sub DoSample (SourceColIndex, TargetColIndex)

Dim SourceList As New Collection

Dim TargetList As New Collection

Dim I As Integer
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Dim Index As Integer

'Getting data into the list

For I = 2 To N + 1

SourceList .Add (Cells (I, SourceCol Index))

Next

'Getting data to the sample list (without replacement)

Randomize

For I = 1 To N

Index = Int(((N - I + 1) * Rnd) + 1)

TargetList. Add (SourceList (Index))

SourceList. Remove (Index)

Next

For I = 1 To N

Cells (I + 1, TargetColIndex) = TargetList(I)

Next I

End Sub

Function Sqrt (ByVal Numb As Double) As Double

Sqrt = Numb ^ (0.5)

End Function

Function g() As Double

g = Cells (6, 2)

End Function

Function Xi(I As Integer) As Double

Xi = Cells (1 + I, 4)

End Function

Function Yi(I As Integer) As Double

Yi = Cells (1 + I, 5)

End Function

Function UY(Y As Double, I As Integer) As Double

UY = (Y - Yi(I)) / HY

End Function

Function UX(X As Double, I As Integer) As Double

UX = (X - Xi(I)) / HX

End Function

Function AXY(Y As Double) As Double

Dim Numerator As Double

Dim Denominator As Double

Dim Val As Double

Dim I As Integer

Numerator = 0

Denominator = 0

For I = 1 To N

Val = (1 / Sqrt(44# / 7#)) * Exp((-1 * (UY(Y, I)) ^ 2) / 2)

Numerator = Numerator + (Xi(I) * Val)

Denominator = Denominator + Val

Next

AXY = (Numerator/Denominator)

End Function

Function AYX(X As Double) As Double

Dim Numerator As Double

Dim Val, Denominator As Double

Dim I As Integer

Numerator = 0

Denominator = 0

For I = 1 To N

Val = (1 / Sqrt(44# / 7#)) * Exp((-1 * (UX(X, I)) ^ 2) / 2)

Numerator = Numerator + (Yi(I) * Val)

Denominator = Denominator + Val

Next

AYX = (Numerator/Denominator)

End Function

Function HXY(X As Double, Y As Double) As Double

Dim AXY_Y, AYX_X As Double

Dim SQ1, SQ2 As Double

Dim Result As Double

AXY_Y = AXY(Y)

AYX_X = AYX(X)

SQ1 = 1 + ((XAve - AXY_Y) / StDevX) ^ 2

SQ2 = 1 + ((YAve - AYX_X) / StDevY) ^ 2

If (SQ1 < 0) Or (SQ2 < 0) Then

Result = MyError

Else

Result = (g + ((XAve - AXY_Y) * (YAve - AYX_X) / (StDevX * StDevY))) /          

(Sqrt(SQ1) * Sqrt(SQ2))

End If

HXY = Result

End Function

Sub DoTest()

Dim TestNumber

Dim I As Integer

Dim J As Integer

Dim Index As Long

Dim HXY Number As Long

Dim Sum HXY As New Collection

Dim Min HXY As New Collection

Dim Original HXY As New Collection

Dim Maximum HXY As Double

Dim Minumum HXY As Double

Dim Temp HXY As Double

Dim Sure As Date

YAve = Cells (3, 2)

XAve = Cells (2, 2)

N = Cells (1, 2)

HX = Cells (7, 2)

HY = Cells (8, 2)

StDevX = Cells (4, 2)

StDevY = Cells (5, 2)

Sure = Now

Application. StatusBar = "Original H(x,y) is computing to compare"

For I = 1 To N

Original HXY. Add (HXY(Xi(I), Yi(I)))

Next I

Test Number = Cells (9, 2)

Take Spare Column "E", "F"

For I = 1 To Test Number

Application. StatusBar = "  Getting Sample " & I

DoSample 5, 7

TakeSpareColumn "G", "E"
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Application. StatusBar = "  HXY is computing for sample " & I

DoEvents

For J = 1 To N

TempHXY = HXY(Xi(J), Yi(J))

If (TempHXY <> MyError) and (Original HXY. Item(J) <> MyError) Then

If Abs(TempHXY) >= Abs (OriginalHXY. Item(J)) Then

SumHXY. Add (TempHXY)

End If

End If

Next J

Next I

Columns(11). Clear

For I = 1 To SumHXY.Count

Cells (I, 11) = SumHXY.Item(I)

Next

Columns (11).Select

Selection. Sort Columns (11)

HXYNumber = Int(SumHXY.Count * 0.025)

If HXYNumber = 0 Then

HXYNumber = 1

End If

MinumumHXY = Cells (HXYNumber, 11)

MaximumHXY = Cells (ToplamHXY.Count - HXYNumber + 1, 11)

Cells (2, 9) = "Minimum HXY"

Cells (2, 10) = MinimumHXY

Cells (3, 9) = "Maximum HXY"

Cells (3, 10) = MaximumHXY

Cells (4, 9) = "Sampling Number"

Cells (4, 10) = HXYNumber

Application. StatusBar = "  Observed H(x,y) is computing"

TakeSpareColumn "F", "E"

For I = 1 To N

TempHXY = OriginalHXY.Item(I)

If TempHXY <> MyError Then

Cells (I + 1, 6) = TempHXY

Cells (I + 1, 7) = 0

If Cells (I + 1, 6) > MaximumHXY Then

Cells (I + 1, 7) = 1

End If

If Cells (I + 1, 6) < MinumumHXY Then

Cells (I + 1, 7) = -1

End If

Else

Cells (I + 1, 6) = "*"

Cells (I + 1, 7) = "*"

End If

Next I

Application. StatusBar = ""

MsgBox "Done...", vbOKOnly

End Sub
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