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A New Method for Local Dependence Map
and Its Applications

Lokal Bagimlilik Haritalan I¢in
Yeni Bir Yontem ve Uygulamalari

ABSTRACT Objective: This work introduces a new method to construct local dependence map based on the es-
timate for the linear local dependence function H(x,y), which is generalization of Pearson correlation coefficient.
The new local dependence map demonstrates a practical tool for local dependence structure between two ran-
dom variables. The analysis of theoretical concepts is verified by an application based on real datasets in endoc-
rinology. Material and Methods: The method, local dependence map, requires the estimation new local
dependence function which is based on regression concepts. After this local dependence function must be con-
verted with local permutation tests in local dependence map which make the local dependence function more in-
terpretable by identifying the regions of positive, negative and zero local dependence. Results: Based on the
proposed method and we give two examples based on the real data C-peptide, insulin and TSH, FT3, FT4 from
endocrinology in order to show the advantageous of the current dependence maps. They show interesting local
dependence features on the other hand overall correlation coefficient is not much informative. Conclusion: Sca-
lar dependence measures such as correlation coefficient are often used as a measure of dependence for data in me-
dical and biological science. However, they cannot reflect the complex dependence structure of two variables.
Hence we are now concerned exclusively with the statistical aspects of the dependence structure in dependence
maps that will be constructed for the dataset. In this work a new method to construct local dependence map ba-
sed on the regression concept for the linear local dependence function H(x,y), which is generalization of Pearson
correlation coefficient, is established. The proposed new local dependence map is devoted to two examples based
on the real data C-peptide, insulin and TSH, FT3, FT4 from endocrinology in order to illustrate the usefulness of
the current dependence maps. They show interesting local dependence features on the other hand overall cor-
relation coefficient is not much informative.
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OZET Amag: Bu ¢alismada, Pearson korelasyon katsayisinin genellestirilmesi olan dogrusal lokal bagimlilik fonk-
siyonu H(x,y)nin tahmini, permiitasyon testi kullanilarak yeni lokal bagimlilik haritalarina déniistiirilmistiir. Ye-
ni lokal bagimhilik haritasimin, iki rassal degisken arasindaki bagimlilik (korelasyon) yapisinin lokal olarak
belirlenmesinde oldukga pratik bir ara¢ oldugu gosterilmistir. Endokronoloji boliimiinden alinan verilerle bir uy-
gulama yapilmistir. Gereg ve Yontemler: Lokal bagimlilik haritasi olusturma yéntemi, regresyon kavrami temel
alinarak bulunan yeni lokal bagimlilik fonksiyonunun tahmini kullanilmasini gerektirmektedir. Bulunan tah-
min, permiitasyon testi ile donistiiriilerek harita olusturulur. Bu harita, pozitif, negatif ve sifir bagimlilik bolge-
lerinden olusur ve lokal bagimlilik fonksiyonunun yorumlanmasini kolaylastirir. Bulgular: Onerilen yontem,
endokronoloji béliimiinde elde edilen gergek verilere uygulanmustir. C-peptit- insiilin, TSH-FT3 ve TSH -FT4
arasindaki bagimlilik yapisini belirleyen lokal bagimlilik haritalar olusturulmustur. Bu degiskenler ilging lokal
bagimhilik yapilar1 gostermistir, bir bagka deyisle, bu degiskenler arasindaki bagimlilik yapisim belirlemek i¢in ko-
relasyon katsayis: yetersiz kalmigtir. Sonug: Korelasyon katsayisi, tip ve biyoloji alanlarinda iki degiskenin dog-
rusal bagimlilik yapisimi aragtirmada kullanilan en yaygin bagimhilik dl¢iisiidiir. Fakat bu 6l¢ii iki degisken
arasindaki karmagik bagimlilik yapisini incelemede yetersiz kalmaktadir. Bu nedenle, korelasyon katsayisinin ge-
nel hali olan lokal bagimhilik fonksiyonlarini kullanmak daha uygundur. Lokal bagimlilik fonksiyonlarim1 daha
kolay yorumlayabilmek i¢in lokal bagimlilik haritalar gelistirilmistir. Bu ¢aligmada, regresyon kavramini temel
alan lokal bagimlilik fonksiyonu H(x,y) icin yeni bir lokal bagimlilik haritas: olusturulmustur. Onerilen yeni lo-
kal bagimlilik haritasi ile, C-peptide ve insiilin, TSH-FT3 ve TSH-FT4 arasindaki lokal bagimlilik yapis1 incelen-
mis ve bu degiskenler arasindaki bagimlilik yapisinin oldukga ilging oldugu gézlenmistir. Bu degiskenler arasindaki
bagimlilik yapisini, korelasyon katsaysi ile agiklamanin yetersiz oldugu gosterilmistir.

Anahtar Kelimeler: Korelasyon, korelasyon galigmasi, istatistiksel veri yorumu, yerel bagimlilik haritast
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In recent years local dependence functions and
their applications have arisen the interest of many
statisticians. It is because scalar dependence meas-
ures, such as Pearson correlation coefficient and
many others cannot always be adequate to explain
the dependence structure between two random
variables. In fact, there are generally some restric-
tions about not to use these scalar measures in
many situations. Thus scalar dependence measures
are extended to local dependence function.

Bjerve and Doksum, Doksum et al. and Blyth,
determined a correlation curve

p(X) — Glﬂ(x)
(02 p> () +0 ()"

(1)

as a generalization of the Pearson correlation
coefficient where f(x)= u'(x) is the slope of
the nonparametric regression (x)=E(Y | X =
x),0°(x)=Var(Y | X =x) is the nonparamet-
ric residual variance and o = Var(X). The cor-
relation curve (1) is constructed from regression
concept where Y'is a response and X is a predictor
variable."” One may see that p(x) measures the
strength of the association between X and Ylocally
at X=x.

Holland and Wang introduced a local depen-
dence function. ! Following their work Jones pro-
vided a motivation for the local dependence
function by using mixed partial derivative of the
log density

0° log f(x, )

7(x,y) = oxdy

2
where 7(X, ») is a function of the conditional
distribution of Y given X, or vice versa and is a
f bivariate density function.’ So,” may be ap-
plied to all bivariate distributions with specified
conditionals. But in general, conditionally speci-
fied joint distributions are extremely constrained;
see.®

Bairamov and Kotz introduced a new local de-

pendence function H(x,y), a generalization of Pear-

son correlation coefficient,”?
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H(x,y)=——Lt0x (V)ey () 3
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nd
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,_ Conx.y)
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The function H(x,y)in (3) is obtained from the
expression of the linear correlation coefficient by
replacing E(X) and E(Y) by the conditional expec-
tations E( X |Y = y) and E(Y| X = x) respectively.
In case that the local dependence function is spe-
cified with conditional moments, then it is ex-
pected that local dependence function is used for
wider class of joint distributions. This local de-
pendence measure has several useful properties.
For instance, the new measure is symmetric in X
and Yand its expected value is approximately equal
the Pearson correlation coefficient. Another prop-
erty is that, X"= 0 and Y"= O1is a saddle point of H
and H(X* Y*) = p when (X,Y) has bivariate normal
distribution with correlation coefficient p. Further
details can be seen in.”

In general, it is difficult to interpret the whole
dependence structure of the data from a local de-
pendence function. However, dependence graphs
have the potential to assess a far richer class of bi-
variate dependence structures. With this motivation,
Jones and Koch introduced a new methodology
about the interpretation of the dependence structure
of bivariate data called “dependence map”.’ Depen-
dence maps show us the estimated local dependence
structure of the data by identifying regions positive,
negative and zero local dependence with the help of
local permutation test (Appendix 1).

In this paper, a new method to construct de-
pendence maps of the given data is introduced by
using the estimator of the local dependence func-
tion of Bairamov and Kotz with permutation test
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algorithm.” The next section shows the details the
proposed method and Section 3 is devoted to two
examples based on the real data C-peptide, insulin
and TSH, FT3, FT4 from endocrinology in order to
illustrate the usefulness of the current dependence
maps. They show interesting local dependence fea-
tures on the other hand overall correlation coeffi-
cient is not much informative.

I CONSTRUCTING THE DEPENDENCE MAP

ESTIMATION Of Hix,y)

The local dependence function H(x,y) is estimated
via kernel methods. Bairamov and Kotz suggested
an estimator for H(x,y) by using Nadaraya and
Watson’s estimate for the regression functions
E(X]Y=y)and E(Y/X=x).”!!! The estimators are

T x—X ’ )
2

where (X}, Y}), i= 1,2,...,n are the dataset, K is
a kernel function, an integrable function with short
tails, and h , is a width sequence tending to zero at
appropriate rates, ie. j, — 0 as n — o . Using
the equation (4) and taking the Gaussian kernel

K@) = b exp(—t>/2)

2z

as K, we obtain an estimate H (x,y)for H(x,y),

5y XA N = 4, (x)
5,8,

P+[X—AX00]J @+{Y—AAMJ}
s, s,

where [* is an estimate for Person correlation

H(x,y) =

®)

coefficient and
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n

s;:}%z(x,._y)z,s;— LD
- i=1

n—1%

Then a usual for 4, choice is the Gaussian
bandwidth that gives the normal reference rule

h,=1.06 6 n'"”, (6)

where & is the standard deviation of the data.
In what follows is the local permutation test for the
dataset.

LOCAL PERMUTATION TEST

Excel Visual Basic software (the code is given in
Appendix) is used for this purpose. We first obtain
the estimated local dependence measure for the
given biva{iate data. For every (xi » Vi )=1,....n, we
compute H(x;,y;) using the bandwidth in equa-
tion (6). The samples satisfying 1(x, ) = 0 can be
generated by permuting randomly y;since the local
permutation test of the null hypothesis H(x,y)=0
implies independence. This procedure is repeated
N times and in each step H, (X;, ;) is computed
for each permuted dataset for ‘k=1...,N .Then
statistically significant H  (x;, y,-) is added to the
list by comparing the observed H(x,,y,). When
observed value of the estimated local dependence
function is in the highest (0/2)% of the simulated
H,(x,,y,), the map value is appointed to be (+1)
and when observed value of the estimated local de-
pendence function is in the lowest (a/2)% of the
simulated) H . (x;, ;) then the map value is ap-
pointed to be (-1) and otherwise it is 0. From these
values, we design the dependence map. With per-
mutation test, local dependence maps simplify the
estimated local dependence structure between two
variables by identifying regions of positive (signi-
ficance (+1)), zero (no significance) and negative
(significance (-1)) local dependence.

APPLICATIONS

Scalar dependence measures such as correlation co-
efficient are often used as a measure of dependence
for data in medical and biological science. Ho-
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wever, they cannot reflect the complex depend-
ence structure of two variables. Moreover, linear
correlation coefficient does not always determine
an accurate association between two random vari-
ables since the dependence may not exist in the en-
tire plane or it may not linear or the variance Y
given X= x may not be a constant. Hence we are
now concerned exclusively with the statistical as-
pects of the dependence structure in dependence
maps that will be constructed for the dataset.

Example 1: C-Peptide and Insulin Data

C-peptide is an indicator of insulin stock for in-
sulin-treated diabetics. The level of c-peptide in the
blood can indicate how much insulin is being pro-
duced by the pancreas. In cases when insulin level
cannot be determined due to the existence of in-
sulin antibodies in the blood or in the patients
under the treatment of diabetes, it is important to
measure the level of c-peptide.?

In this example we construct dependence map
using c-peptide and insulin from the data supplied
by DEU faculty of medicine endocrine laboratory.
108 patients are examined for this purpose (we take
N=500 and o= 0.05). The dependence map is par-
ticularly informative here. The overall correlation
coefficient between c-peptide and insulin is 0.657,
significantly different from zero. Although there is a
positive correlation between the variables, two dif-
ferent dependence structures are observed in Figure 1.
In the white region where the variables simultane-
ously take low, moderate and large values, positive
dependence between insulin and c-peptide appear.
That is, as the level of insulin increases (decreases) so
does the level of c-peptide. The white region cover-
ing relatively larger than the others can be explained
by the existence of highly positive correlation be-
tween the variables c-peptide and insulin. In other
words it is important to interpret in detail the cor-
relation coefficient in this region. When insulin
level cannot be determined appropriately it is mean-
ingful to see the level of c-peptide in order to decide
the level of insulin. However, an analogous inter-
pretation will not be possible for the other regions in
the dependence map. It is shown in color light grey
where there is no dependence between insulin and
c-peptide. Further, while c-peptide takes moderate
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FIGURE 1: Insulin and c-peptide data : positive local dependence is white; ze-
ro local dependence is light grey; insufficient data is colored black.

and large values insulin takes small and moderate
values or while c-peptide values are small and mod-
erate insulin takes moderate values at the same time.
Thus, we may conclude that the amount of increase
or decrease in insulin is not affected by c-peptide.
Note that there are also black regions in the map
which shows insufficient data.

In Figure 2, the contour plot of the estimated
local dependence values H (x;,y,) for (x;,y,) isil-
lustrated. It helps us see the level of insulin and c-

c-pep

ins

FIGURE 2: Contour plot of linear local dependence estimate and for insulin
and c-peptide data.
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peptide of a patient. For example, the variables hav-
ing the value (2.1, 10.4) indicate positive local de-
pendence approximately 0.75.

Example 2: TSH, FT3 and FT4

Thyroid-stimulating hormone (TSH) is released by
the pituitary gland and circulates in the blood-
stream to the thyroid where it controls the release
of the thyroid hormones triiodothyronine (T3) and
thyroxine T4. The level of free thyroxine (FT4),
free triiodothyronine (FT3) and TSH identify how
well the thyroid gland is working. Beyond the nor-
mal values of TSH it is necessary to consider the
values of FT3 and FT4. Decreased level of TSH to-
gether with increased level of FT3 and/or FT4
shows hyperthyroidism. On the contrary, the inc-
reased level of TSH together with the decreased
level of FT3 and/or FT4 shows hypothyroidism.

In this example we investigate the dependence
structure in both TSH-FT3 and TSH-FT4. The data
are supplied by DEU the faculty of medicine en-
docrine laboratory. 300 patients’ test results are ex-
amined and use 0.01-significance level is used for
this aim. The Figure 3 displays the dependence map
between TSH and FT3. Even though a weak neg-
ative correlation r=-0.1527 exists, two different de-
pendence structures happen as in the previous
example. Negative local dependence is seen in the
region colored dark grey for (i) small values of TSH
and moderate or large values of FT3 (ii) for mode-
rate and large values of TSH and small values of

FT3
I
|

I e e e e e
0 10 20 30

TSH

FIGURE 3: TSH and FT3 data: negative local dependence is dark grey, zero
local dependence is light grey, insufficient data region is black.
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Contour Plot for H(x, y)

FT3

TSH

FIGURE 4: Contour plot of linear local dependence estimate and TSH-FT3
data.

FT3. In accordance with this observation, hyper-
thyroidism and hypothyroidism arise respectively.
But one cannot make a similar consequence for
both moderate values of the variables because it is
not possible to mention a correlation between
them. The Figure 4 displays the contour plot of es-
timated values H (x;,y;) is depicted. The values
obtained from the local dependence function are
accumulated around -0.15 which is the correlation
coefficient.

In Figure 5 we investigate the dependence
structure between TSH and FT4. The overall cor-
relation between TSH and FT4 is r = -0.286 and this
implies weak linear negative dependence. Two
main areas of data points are deemed to have zero
and negative local dependence. Negative depen-
dence region colored dark grey occur for small va-
lues of FT4 and almost all values of TSH and also
for small values of TSH in large values of FT4. This
again gives us hyperthyroidism and hypothy-
roidism respectively. The difference here from
TSH-FT3 is that although the correlation coeffi-
cient is greater in magnitude, the region negatively
correlated is smaller. Moreover, for moderate va-
lues of FT4 one cannot expect local dependence in
any values of TSH, implying zero local dependence.
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FT4

TSH

FIGURE 5: ITSH and FT4 data: negative local dependence is dark grey, zero
local dependence is light grey, insufficient data region is black.

In the last graph (Figure 6), the estimated local de-
pendence values are given. For the smallest value of
FT4 and highest value of TSH, the greatest in mag-
nitude negative correlation (approximately -0.75)
is observed. The minimum local dependence is at-
tained at moderate values of FT4.

SUMMARY

Scalar dependence measures such as correlation co-
efficient can be an important part of medical and bi-
ological science studies. But these measures cannot
be adequate to summarize complex dependence
structure. The dependence between a pair of vari-
ables can be various with potentially surprising as-
pects. For bivariate data set the dependence
structure can not only be measured globally, but the
dependence structure can also be analyzed locally.

The aim of this study is to introduce a method to
local analysis of dependence were presented and il-
lustrated at hormone data examples. The method,

A NEW METHOD FOR LOCAL DEPENDENCE MAP AND ITS APPLICATIONS

local dependence map, requires the estimation new
local dependence function which is based on regres-
sion concepts. After this local dependence function
must be converted with local permutation tests in
local dependence map which make the local de-
pendence function more interpretable by identifying
the regions of positive, negative and zero local de-
pendence. Another advantage of this map is to decide
the dependence structure for every observed pair of
the data. This dependence map may play a consider-
able role in determining the dependence structure es-
pecially in medical and biological sciences.
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FIGURE 6: Contour plot of linear local dependence estimate and TSH-FT4 data.

APPENDIX 1: Local Permutation Test Code.

(The code written in Excel Visual Basic software)
Option Explicit
Const MyError = -9
Dim StDevX, StDevY, XAve, HX, HY, YAve As Double
Dim N As Integer
Sub TakeSpareColumn (What, Where)

Dim WhatS

Dim WhereS

WhereS = Where & "2:" & Where & N + 1

WhatS = What & "2:" & What & N + 1

Range (WhereS).Value = Range(WhatS).Value
End Sub
Sub DoSample (SourceCollndex, TargetCollndex)

Dim SourceList As New Collection

Dim TargetList As New Collection

Dim | As Integer

Turkiye Klinikleri J Biostat 2009;1(1)
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Dim Index As Integer Forl=1ToN
'Getting data into the list Val = (1/Sqrt(44# / 7#)) * Exp((-1 * (UX(X, 1)) A 2) / 2)
Forl=2ToN+1 Numerator = Numerator + (Yi(l) * Val)
SourceList .Add (Cells (I, SourceCol Index)) Denominator = Denominator + Val
Next Next
'Getting data to the sample list (without replacement) AYX = (Numerator/Denominator)
Randomize End Function
Forl=1ToN Function HXY (X As Double, Y As Double) As Double
Index = Int((N - I + 1) * Rnd) + 1) Dim AXY_Y, AYX_X As Double
TargetList. Add (SourceList (Index)) Dim SQ1, SQ2 As Double
SourceList. Remove (Index) Dim Result As Double
Next AXY_Y = AXY(Y)
Forl=1ToN AYX_X = AYX(X)
Cells (I + 1, TargetCollndex) = TargetList(l) SQ1 =1 + ((XAve - AXY_Y) / StDevX) A 2
Next | SQ2 =1+ ((YAve - AYX_X) / StDevY) A 2
End Sub If (SQ1 < 0) Or (SQ2 < 0) Then
Function Sqrt (ByVal Numb As Double) As Double Result = MyError
Sqrt = Numb 2 (0.5) Else
End Function Result = (g + ((XAve - AXY_Y) * (YAve - AYX_X) / (StDevX * StDevY))) /
Function g() As Double (Sqrt(SQ1t) * Sart(SQ2))
g=Cells (6, 2) End If
End Function HXY = Result
Function Xi(l As Integer) As Double End Function
Xi=Cells (1 +1,4) Sub DoTest()
End Function Dim TestNumber
Function Yi(l As Integer) As Double Dim | As Integer
Yi=Cells (1+1,5) Dim J As Integer
End Function Dim Index As Long
Function UY(Y As Double, | As Integer) As Double Dim HXY Number As Long
UY = (Y -Yi(l)) / HY Dim Sum HXY As New Collection
End Function Dim Min HXY As New Collection
Function UX(X As Double, | As Integer) As Double Dim Original HXY As New Collection
UX = (X - Xi(l)) / HX Dim Maximum HXY As Double
End Function Dim Minumum HXY As Double
Function AXY(Y As Double) As Double Dim Temp HXY As Double
Dim Numerator As Double Dim Sure As Date
Dim Denominator As Double YAve = Cells (3, 2)
Dim Val As Double XAve = Cells (2, 2)
Dim | As Integer N =Cells (1, 2)
Numerator = 0 HX = Cells (7, 2)
Denominator = 0 HY = Cells (8, 2)
Forl=1ToN StDevX = Cells (4, 2)
Val = (1/Sqrt(44# / 7#)) * Exp((-1 * (UY(Y, 1)) 2 2)/ 2) StDevY = Cells (5, 2)
Numerator = Numerator + (Xi(l) * Val) Sure = Now
Denominator = Denominator + Val Application. StatusBar = "Original H(x,y) is computing to compare"
Next Forl=1ToN
AXY = (Numerator/Denominator) Original HXY. Add (HXY(Xi(1), Yi(1)))
End Function Next |
Function AYX(X As Double) As Double Test Number = Cells (9, 2)
Dim Numerator As Double Take Spare Column "E", "F"
Dim Val, Denominator As Double For I =1 To Test Number
Dim | As Integer Application. StatusBar =" Getting Sample " & |
Numerator = 0 DoSample 5, 7
Denominator = 0 TakeSpareColumn "G", "E"

Turkiye Klinikleri ] Biostat 2009;1(1) 7
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Application. StatusBar =" HXY is computing for sample " & | Cells (3, 9) = "Maximum HXY"
DoEvents Cells (3, 10) = MaximumHXY
Ford=1ToN Cells (4, 9) = "Sampling Number"

TempHXY = HXY(Xi(J), Yi(J))
If (TempHXY <> MyError) and (Original HXY. Item(J) <> MyError) Then
If Abs(TempHXY) >= Abs (OriginalHXY. ltem(J)) Then

Cells (4, 10) = HXYNumber
Application. StatusBar =" Observed H(x,y) is computing"
TakeSpareColumn "F", "E"

SumHXY. Add (TempHXY)
End If
End If

Next J
Next |
Columns(11). Clear
For I =1 To SumHXY.Count

Cells (I, 11) = SumHXY.Item(l)
Next
Columns (11).Select
Selection. Sort Columns (11)
HXYNumber = Int(SumHXY.Count * 0.025)
If HXYNumber = 0 Then

HXYNumber = 1
End If
MinumumHXY = Cells (HXYNumber, 11)

MaximumHXY = Cells (ToplamHXY.Count - HXYNumber + 1, 11)

Cells (2, 9) = "Minimum HXY"
Cells (2, 10) = MinimumHXY

Forl=1ToN
TempHXY = OriginalHXY.Item(1)
If TempHXY <> MyError Then
Cells (I + 1, 6) = TempHXY
Cells (I1+1,7)=0
If Cells (I + 1, 6) > MaximumHXY Then
Cells (1+1,7)=1
End If
If Cells (I + 1, 6) < MinumumHXY Then
Cells (1 +1,7)=-1

End If
Else

End If
Next |

End Sub

Cells (I +1,6)=""
Cells (1 +1,7)=

Application. StatusBar =
MsgBox "Done...", vbOKOnly
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